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ALGEBRAIC K-THEORY OF GROUP RINGS 
AND THE CYCLOTOMIC TRACE MAP 

WOLFGANG LUCK, HOLGER REICH, JOHN ROGNES, AND MARCO VARISCO 

Abstract. We prove that the Farrell-Jones assembly map for connective alge¬ 
braic A-theory is rationally injective, under mild homological finiteness condi¬ 
tions on the group and assuming that a weak version of the Leopoldt-Schneider 
conjecture holds for cyclotomic fields. This generalizes a result of Bokstedt, 
Hsiang, and Madsen, and leads to a concrete description of a large direct 
summand of Kn{’L[G\) in terms of group homology. In many cases the 

number theoretic conjectures are true, so we obtain rational injectivity results 
about assembly maps, in particular for Whitehead groups, under homological 
finiteness assumptions on the group only. The proof uses the cyclotomic trace 
map to topological cyclic homology, Bokstedt-Hsiang-Madsen’s functor C, and 
new general isomorphism and injectivity results about the assembly maps for 
topological Hochschild homology and C. 
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1. Introduction 


The algebraic X-theory groups Kn{1\G]) of the integral group ring of a dis¬ 
crete group G have far-reaching geometric applications to the study of manifolds 
with fundamental group G and of sufficiently high dimension. One of the most 
famous and important manifestations of this phenomenon is given by the White- 
head group Wh{G), which is the quotient of Ki{Z,[G\) = GL(Z[G])ab by the sub¬ 
group generated by the units in Z[G] of the form ±5 with g G G. By the cele¬ 
brated s-Cobordism Theorem, Wh{G) completely classifies the isomorphism classes 
of /i-cobordisms over any closed, connected manifold M with dim(M) > 5 and 
7ri(M) ^ G. 

A well-known and still open conjecture, which we review below, predicts that 
the Whitehead group of any torsion-free group vanishes. However, if a group G 
has torsion, then in general Wh{G) is not trivial. For example, the structure of the 
Whitehead groups of finite groups G is well understood (see |01i88| ), and if G is 
any finite cyclic group of order c ^ {1, 2, 3,4, 6 }, then Wh{G) is not zero, not even 
after tensoring with the rational numbers Q. 

One of the main consequences of this work is the following theorem about White- 
head groups of infinite groups with torsion. Its conclusion says that rationally the 
Whitehead groups Wh{H) of all finite subgroups H of G contribute to Wh{G), and 
only the obvious relations between these contributions hold. Its assumption is a 
very weak and natural homological finiteness condition only up to dimension two. 
As we explain in [Section 2| it is satisfied by many geometrically interesting groups, 
such as outer automorphism groups of free groups and Thompson’s group T, thus 
yielding the first known results about the Whitehead groups of these groups. But, in 
contrast to other known results in this area, the assumption is purely homological, 
and no geometric input is required. 


Theorem 1.1. Assume that, for every finite eyclie subgroup G of a group G, the 
first and second integral group homology Hi[BZqC','L) and H 2 {BZqG','L) of the 
centralizer ZqC of G in G are finitely generated abelian groups. Then the map 

( 1 . 2 ) colim Wh{H) iZ)Q —IT/i(G)( 8 )Q 

JJGobj SiibG(J^m) Z Z 

is injective. 


Here the colimit is taken over the finite subgroup category SubG(J^m), whose 
objects are the finite subgroups H of G and whose morphisms are induced by 
subconjugation in G. In the special case when G is abelian, then SubG(J^m) is 
just the poset of finite subgroups of G ordered by inclusion. The general definition 


is reviewed at the beginning of Section 17 


The injectivity of the map (1.2), as well as the vanishing of the Whitehead groups 
of torsion-free groups, are in fact consequences of much more general conjectures 
about assembly maps. Similarly, Theorem 1.1 is a consequence of more general 
results, namely [Main Theorem 1.13 and Main Technical Theorem 1.16| below. In 
the rest of this section we introduce assembly maps, recall these conjectures, and 
state our main results. 

We denote by K(i?) the non-connective algebraic AT-theory spectrum of a ring R, 
with homotopy groups 7 r„(K(i?)) = Kn{R) for all n G Z, and we let BG be the 
classifying space of the group G. The classical assembly map is a map of spectra 

(1.3) HG+AK(Z) ^K(Z[G]), 
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which was first introduced by Loday |Lod76 Proposition 4.1.1 on page 356]. This 
map is conjectured to be a 7r*-isomorphism if the group G has no torsion, as we 
explain below. After taking homotopy groups and rationalizing, the left-hand side 


of (1.3) can be explicitly computed: for every n S Z there is an isomorphism 
0 Hs {BG- Q) 0 (Kt{Z) I q) A 7r„ {BG+ A K(Z)) | Q . 


(1.4) 


s,t>0 


We call the map 
(1.5) 0 H,{BG-^ 


s,i>0 


l®(ift(Z)|Q) ^Kn{ZG)^ 


induced by the composition of (1.4) and (1.3) the rationalized classical assembly 


map. Hence we obtain the following conjecture, which was formulated by Hsiang in 
his plenary address at the 1983 ICM under the additional assumption that G has 
a finite classifying space HG; see |Hsi84[ Conjecture 4 on page 114]. 

Conjecture 1.6 (The Hsiang Conjecture). For every torsion-free group G and 
every n S Z the rationalized classical assembly map (1.5) is an isomorphism. 


There are analogous versions of the classical assembly map (1.3) and Conjec- 


jture 1.6 1 for L-theory instead of algebraic AT-theory. The rational injectivity of the 
L-theory version of (1.3) is equivalent to the famous Novikov Conjecture about the 


homotopy invariance of higher signatures. 


In BHM93 Bokstedt, Hsiang, and Madsen invented topological cyclic homology 


and the cyclotomic trace map from algebraic Al-theory to topological cyclic homol¬ 
ogy, and used them to prove the following theorem, which is often referred to as the 
algebraic AT-theory Novikov Conjecture; see |BHM93 Theorem 9.13 on page 535] 
and |Mad94 Theorem 4.5.4 on page 284]. 


Theorem 1.7 (Bokstedt-Hsiang-Madsen). Let G be a not necessarily torsion-free 
group. Assume that the following condition holds. 

[Ai] For every s > 1 the integral group homology Hs(BG;Z) is a finitely generated 
abelian group. 


Then the rationalized classical assembly map (1.5) is injective for all n> 0. 


For groups with torsion the classical assembly map is not surjective in general. 


For example, the rationalized Whitehead group Wh{G) Q is the cokernel of (1.5) 


for n = 1, and it is usually not zero when G has torsion, as we recalled before 


Theorem 1.1 Notice that, in particular. Theorem 1.7 does not give any information 
about Whitehead groups. In contrast, as a consequence of our main result, we 
detect in Theorem 1.1 a large direct summand of I17i(G)(8)zQ under extremely 
mild homological finiteness assumptions on G. 

The Farrell-Jones Conjecture |FJ93 predicts the structure of Ar„(ZG) for arbi¬ 
trary groups G, and reduces to the above-mentioned conjecture about the map (1.3) 


in the case of torsion-free groups. In the equivalent reformulation due to J. Davis 


and the first author DL98 , the Farrell-Jones Conjecture says that the Farrell-Jones 
assembly map 


( 1 . 8 ) 


A;G(VC2 /c)+ A K(Z[G/-]) 

OrG 


K(Z]G]), 
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a certain generalization of the classical assembly map (1.31, is a tt*- isomorphism. 


Here EGiVCyc) is the universal space for the family of virtually cyclic subgroups 
of G reviewed at the beginning of Section 2 OrG is the orbit category, GJ— is 


the action groupoid functor from Subsection 4C and the map (1.8 1 is defined 


in ISubsection 4HI We refer to the end of this introduction for some additional 
remarks about the Farrell-Jones Conjecture. Now we concentrate on computational 
consequences for the rationalized homotopy groups and describe the analogue of the 


isomorphism (1.41. 


In order to give a precise statement we need more notation. Given a group G 
and a subgroup H, we denote by NqH the normalizer and by ZgH the centralizer 
of H in G, and we define the Weyl group as the quotient WcH = NgH/{ZgH ■ H). 
Notice that the Weyl group WgH of a finite subgroup H is always finite, since it 
embeds into the outer automorphism group of H. We write ECyc for the family of 
finite cyclic subgroups of G, and {FCyc) for the set of conjugacy classes of finite 
cyclic subgroups. 

Using results of the first author in |Luc02 , Grunewald established in |Gru08 
Corollary on page 165] an isomorphism 


0 0 H,{BZGG-q) ® 0c(ift(Z[G])®Q) 

^ ^ QIWgC] k Z / 


(1.9) 


{C)e{TCyc) 

s>0,i> —1 


,(uG(VCi/c)+ ^A^K(Z[G/-])) |Q 


for every n G Z; see also |LS16[ Theorem 0.3 on page 2]. Here 0c is an idempotent 
endomorphism of Kt{Z[G])^zQ, which corresponds to a specific idempotent in 
the rationalized Burnside ring of G, and whose image is a direct summand of 
iFt (Z[G]) (8 )zQ isomorphic to 


(1.10) coker 0indg: 0if,(Z[i^])< 
V D<C DSC 


Kt{Z[G])®q 


See jSection 12| for more details. The Weyl group acts via conjugation on G and 
hence on 0c(Jft(Z[G]) CizQ). The Weyl group action on the homology comes from 
the fact that ENgG/ZgG is a model for BZgG. We remark that the dimensions 
of the Q-vector spaces in (1.101 are explicitly computed in [Pat 14 Theorem on 
page 9] for any t and any finite cyclic group G. Notice that if f < — 1 then Kt{'L[G\) 


vanishes for any virtually cyclic group G by FJ95 
We call the map 
( 1 . 11 ) 


0 0 H,{BZGC-q) ® ec(Ktiz[c])<»q) ^ K^{z[G])i 

^ Q[WgC] V z / 


{C)eiDCyc) 

s>0,t> — l 


induced by the composition of (1.9) and (1.8) the rationalized Farrell-Jones assem¬ 


bly map. Hence we obtain the following conjecture, which is a generalization of the 
Hsiang [Conjecture 1.6| for groups that are not necessarily torsion-free. 

Conjecture 1.12 (The Rationalized Farrell-Jones Conjecture). For every group G 


and every n G Z the rationalized Farrell-Jones assembly map (1.11) is an isomor¬ 
phism. 
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The restriction of the map (1.111 to the summand indexed by the trivial subgroup 
of G is the map (1.5l. So for a torsion-free group the Rationalized Farrell-Jones 
[Conjecture 1.12| specializes to the Hsiang [Conjecture 1.6| 

Our main result generalizes Bokstedt-Hsiang-Madsen’s [Theorem 1 .7[ to the Ra¬ 
tionalized Farrell-Jones Conjecture 1.12[ 


Main Theorem 1.13. Let G be a group. Assume that the following two conditions 
hold. 


[Ajr^yc] For every finite cyclic subgroup G of G and for every s > 1, the integral 
group homology Hs{BZgC;'Z) of the centralizer of C in G is a finitely 
generated abelian group. 

[Bjrcyc\ For every finite cyclic subgroup G of G and for every t > 0, the natural 
homomorphism 

^ti'^iCc]) ^ ri Kt(ZpZ>Z[C,if\',Zp\ 

p prime ^ Z Z 


is Q-injective, i.e., injective after applying — OzQ. Flere c is the order 
of G and fc is any primitive c-th root of unity. 


Then the restriction 
(1.14) 


0 0 il,(RZGC;Q) O Qc{Kt{nG])®q) ^ K^{Z[G])i 

^ QIWgC] V Z Z 


{C)e(J'Cyc) s+t=n 
s,t>0 


of the rationalized Farrell-Jones assembly map (1.111 to the summands satisfying 
t > 0 is injective for all n € Z. 


In Assumption we write Zp for the ring of p-adic integers and we use 


the notation Kt{R\ Zp) for 7r((K(i?)p), the t-th homotopy group of the p-completed 
algebraic AT-theory spectrum of the ring R; see [Subsection 4N[ The map to the 
factor indexed by p is induced by the natural map Kt[R) —> Kf{R;Zp) and the 
ring homomorphism Z[(jc] —> 


Assumption [Aj^cy 


implies and is the obvious generalization of Assumption [Ai 

<i \[Bjrcyc] The 


In the next section we thoroughly discuss Assumptions \Ajrcyc 
discussion can be summarized as follows. 


[^TCyc] is satisfied by a very large class of groups. 

[Bjrcyc] is conjecturally always true: it is automatically satisfied if a weak version 
of the Leopoldt-Schneider Conjecture holds for cyclotomic fields. 


Moreover, Assumption [Rjrcyc] is satisfied for all c when t = 0 or 1, and it is satisfied 


for all t if c = 1; for any fixed c, it is satisfied for almost all t. Because of this, only 
finiteness assumptions appear in Theorems [ 1.1 1 and [ 1. 7| and in the following result. 


Theorem 1.15 (Eventual injectivity). Assume that there is a finite universal space 
for proper actions EG{J^in). Then there exists an integer L > 0 such that the 
rationalized Farrell-Jones assembly map ( |1.11[ ) is injective for all n > L. The 
bound L only depends on the dimension of EG{Rin) and on the orders of the finite 
cyclic subgroups of G. 


Universal spaces are reviewed at the beginning of the next section, where we 
also give many interesting examples of groups having finite EG{Ein). Here we only 
remark that, for example, the assumption of [Theorem 1.15[ is satisfied by outer 
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automorphism groups of free groups, for which there seems to be no other known 
result about the Farrell-Jones Conjecture. [Theorem 1.15| is proved at the end of 
ISection 181 

We now formulate a stronger but more technical version of [Main Theorem 1.13| 
which in particular is needed to deduce Theorem 1.1 We first need some algebraic 
definitions from |LRV 03 . An abelian group M is called almost trivial if there 


exists an r G Z — {0} such that rm = 0 for all m G M. We say that M is almost 
finitely generated if its torsion part torsM is almost trivial and if M/torsM is a 
finitely generated abelian group. Every finitely generated abelian group M is in 
particular almost finitely generated. However, notice that M (g)z Q being finitely 
generated as a rational vector space does not necessarily imply that M is almost 
finitely generated. Almost finitely generated abelian groups form a Serre class. 


Main Technical Theorem 1.16. Let G be a group and let T C TCyc be a family 
of finite cyclic subgroups of G. Let N > 0 be an integer and let T be a subset of the 
non-negative integers N = {0,1,2 ,... }. Assume that the following two conditions 
hold. 


{A'j: For every G G T and for every 1 < s < fV + 1, the integral group ho¬ 

mology Hs{BZgG;'Z) of the centralizer of G in G is an almost finitely 
generated abelian group. 

{Bjr For every G G T and for every t G T, the natural homomorphism 

p prime ^ Z J 

is Q-injective, where c is the order of G and is any primitive c-th 
root of unity. 


Then the restriction 
(1.17) 

0 0 H,{BZGG;q) 0 ec(Kt{Z[G])<»q) ^Kn{Z[G])<^q 


(C)e(J^) s+t=r. 

s>o,teT 


of the rationalized Farrell-,Jones assembly map (1.111 to the summands satisfying 
{G) G (B) and t G T is injective for all 0 < n < N. 


It is clear that Theorem |1.13| is a special case of Theorem |1.16| since Assumption 
\Ajr\ implies [A'jr [Bjr] is the same as [Hjr j^]. Notice that also 

[Theorem 1.7| is a special case of Theorem |1.16[ This is because for the trivial 
family B =1 the maps (1.51 and ( 1.17[) coincide, and Assumption [Si,n] holds by 
[Proposition 2.9 Moreover, for torsion-free groups Theorems [ 1. 7[ and [ 1.1 3[ coincide. 


Proposition 2.4 says that Assumption [i^jrcyc, {o,i}] is always satisfied. This al- 
lows us to deduce ['Theorem 1.1[ about the rationalized assembly map for Whitehead 
groups from The orem[1.16[ Th e proof is given in [Section 17[ In fact, the following 
strengthening of Theorem 1.1 is also true. 


Addendum 1.18. The map is injective if, for every finite cyclic subgroup G 
of G, the abelian groups Hi{BZgG]'L) and H 2 {BZgC;'Z) are almost finitely gen¬ 
erated. 


In [Section 3 we outline the strategy of the proof of Theorems |1.13| and |1.16[ 
and explain in Remark 3.7[ why with this strategy the homological finiteness as¬ 
sumptions cannot be removed. The main ingredient in the proof is, as in |BHM93 , 
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the cyclotomic trace map from algebraic if-theory to topological cyclic homology. 
A key role is played by a generalization of the functor C defined by Bokstedt, 
Hsiang, and Madsen in |BHM93 (5.14) on page 497]; see Section 9 In Theo¬ 
rems |6.1| and |9.5| we prove the following general results about the assembly maps 
for topological Hochschild homology and for C, which we believe are of independent 
interest. Here we say that a map of spectra /: X —>■ Y is split injective if there is a 
map g\ Y —> Z to some other spectrum Z such that go f is a 7 r*-isomorphism. We 
say that / is 7 r®-injective if 7 r„(/) 02 Q is injective. The conditions very well pointed 
and connective^ for symmetric ring spectra are introduced in Subsection 4J and are 
very mild. Connective^ is a minor strengthening of connectivity; the sphere spec¬ 
trum and suitable models for all Eilenberg-Mac Lane ring spectra are connective^. 

Theorem 1.19. Let G be a group and let he a family of subgroups of G. Let A 
be a very well pointed symmetric ring spectrum. 

(i) The assembly map for topological Hochschild homology 

THH(A[G]) 


£;G(.F)+^A^THH(A[G/-]) 

is always split injective, and it is a -Kf^-isomorphism if Cyc C i.e., 
contains all finite and infinite cyclic subgroups of G. 


if ^ 


(ii) Assume that A is connective^. If J- 'T JFin and if Assumption [A’j, <cn+i 
in \Main Technical Theorem l.ld[ holds, then the assembly map for Bokstedt- 
Hsiang-Madsen’s functor G 


EG{H)+ A C{A[Gf-];p) 

OrG 


C(A[G];p) 


is -injective for all n < N and all primes p. 


In a separate paper LRRV16 we use the techniques developed here to show that, 


under stronger finiteness assumptions on G, one also obtains injectivity statements 
for the assembly map for topological cyclic homology. In particular, we show that 
if there is a universal space for proper actions EG{Fin) of finite type, then the 
assembly map for topological cyclic homology 


EG{Fin)+ ^A^TC(A[G/-];p) 


TC(A[G];p) 


is split injective for any connective'*’ symmetric ring spectrum A. These results are 
not needed here and do not lead to stronger statements in algebraic AT-theory. 

We conclude this introduction with some more information about the Farrell- 
Jones Conjecture in general, not just its rationalized version [Conjecture 1.12| Re¬ 
call that the conjecture predicts that the Farrell-Jones assembly map (1.8) is a 
7 r*-isomorphism. There is a completely analogous conjecture for L-theory. Both 
conjectures were stated by Farrell and Jones in |FJ93 1.6 on page 257], using a 


different but equivalent formulation; see |HP04 . Among many others, the results 
in |FH78][FH81b FJ 86 ][FJ^ provided evidence and paved the way for these conjec¬ 


tures. The Farrell-Jones Conjectures have many applications; most notably, they 
imply the Borel Conjecture about the topological rigidity of aspherical manifolds 
in dimensions greater than or equal to five. We refer to |LR05 BLR08b LiiclO for 
comprehensive surveys about these conjectures and their applications. 

Besides Theorem 1.7] there are many other important injectivity results, among 


which FH81a CP95 CG04 Ros04 BR07b BL06 Kasl5 RTY14 . Furthermore, in 


recent years there has been tremendous progress in proving isomorphisms results. 
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even for the more general version of the Farrell-Jones Conjectures with coefficients 
in additive categories and with finite wreath products |BR07a[ BLIP . This more 
general version has good inheritance properties: it passes to subgroups, overgroups 
of finite index, finite direct products, free products, and colimits over arbitrary 


directed systems; see for instance BEL08 BL07 . Even this more general version has 


now been verified for hyperbolic groups, CAT(0)-groups, arithmetic groups, lattices 
in virtually connected locally compact second countable Hausdorff groups, virtually 
solvable groups, fundamental groups of 3-manifolds; see for example |BFL14 BL12 


BLR08a|[BLMl4l|BR05i[FW14|paM^|Rou08|[Rfrpl6||Wegl2t[Wegl5|. 

In this work we only consider the algebraic iF-theory version of the conjecture 
and only with coefficients in the ring of integers Z or the sphere spectrum S. For 
more information about why the method used in BHM93| and here does not work 
for L-theory, we refer to |Mad94 Remark 4.5.5 on pages 285-286]. Notice, however, 
that all the results mentioned above are about groups satisfying some geometric 
condition, typically some version of non-positive curvature, and the proofs use geo¬ 
metric tools like controlled topology and flows. Our results only need homological 
finiteness conditions, and the methods of proof are completely different, coming 
mostly from equivariant stable homotopy theory. We cover prominent groups, such 
as outer automorphism groups of free groups and Thompson’s groups, for which no 
previous results were known. In particular, jTheorem l.lj about Whitehead groups 
gives a deep result under very mild assumptions. 


Acknowledgments. Part of this work was financially supported by CRC 647 
in Berlin, by the first author’s Leibniz Award, granted by the DFG (Deutsche 
Forschungsgemeinschaft), and by his ERG Advanced Grant “KL2MG-interactions” 
(no. 662400), granted by the European Research Gouncil. 


2. Discussion of the assumptions 


In this section we discuss the assumptions of|Main Theorem 1.13[ We describe 


is conjecturally always true. 

Let be a family of subgroups of G, i.e., a collection of subgroups that is closed 
under passage to subgroups and conjugates. Examples of families are 

J- = J-Cyc,Tin,Cyc,VCyc, 


many groups that satisfy Assumption [AjrQy,^] and explain why Assumption [Bjtq. 


the families consisting respectively of the trivial subgroup only, of all finite cyclic, 
finite, cyclic, or virtually cyclic subgroups of G. Recall that a group is called 
virtually cyclic if it contains a cyclic subgroup of finite index. A universal space 
for iF is a G-GW complex EG{F) such that, for all subgroups H < G, the iL-fixed 
point space 


{EG{E))^ is 


empty if 77 ^ 

contractible if 77 S 7^. 


Such a space is unique up to G-homotopy equivalence, and it receives a G-map 
that is unique up to G-homotopy from every G-GW complex all of whose isotropy 
groups are in J-. 

When E is the trivial family 1, then 7fG(l) if the universal cover EG = BG of 
the classifying space of G. When E is the family Ein of finite subgroups, EG{Ein) 
is often denoted EG and called the universal space for proper actions. 
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The following result can be used to verify Assumption for a large class 

of examples, as illustrated below. We say that a G-CW-complex has finite type if it 
has only finitely many G-cells in each dimension. A group G has type ify, if there 
is a classifying space BG of finite type. Clearly, if G has type Foo, then Hs{BG\ Z) 
is a finitely generated abelian group for every s. 

Proposition 2.1. Let F C Fin he a family of finite subgroups of G. Then there 
is a universal space EG{F) of finite type if and only if there are only finitely many 
conjugacy classes of subgroups in F and ZqH has type Afy, for each H G F. 

Proof. Since H is finite and ZgH has finite index in NaH, notice that ZqH has 
type Fao if and only if NqH has type F^o if and only if NqH/H has type F^o', 
see for example |Geo08 Corollary 7.2.4 on page 170, Theorem 7.2.21 and Exer¬ 
cise 7.2.1 on pages 175-176]. In the case when F = Fin [LucOO] Theorem 4.2 
on page 195] states that there is an EG{F) of finite type if and only if there are 
only finitely many conjugacy classes of subgroups in F and NgH/H has type Foo 
for each H G F. By inspection, the proof of this result in |Luc00j goes through 
for arbitrary F C Fin. Notice that [LucOO Lemma 1.3 on page 180], which is 
used in the proof, in this general case shows that \i FI G F then {EG{F))^ is a 
model for E{NgH/H){ q^.{F)), where q: NaH — NgH/H is the quotient map 

q~^{F) G F}. The rest of the proof works verba- 

□ 


and q* *{F) = {F < NgH/H 
tim. 


Corollary 2.2. If there is a universal space EG{Fin) of finite type then Assump¬ 


tion [Ajr(^yf\ is satisfied. 


The existence of a universal space EG{Fin) of finite type is already a fairly mild 
condition. For example, all the following groups have even finite (i.e., finite type and 
finite dimensional) models for EG{Fin), and therefore satisfy Assumption [Ajrc. 


by [Corollary 2.2] [Theorem 1.15] about eventual injectivity applies to all these 

groups. 

• Word-hyperbolic groups. 

• Groups acting properly, cocompactly, and by isometries on a CAT(0)-space. 

• Arithmetic groups in semisimple connected linear Q-algebraic groups. 

• Mapping class groups. 

• Outer automorphism groups of free groups. 

For more information we refer to |Luc05 Section 4] and also to [Mis 10 in the case 
of mapping class groups. 

is much weaker than EG{Fin) having finite type. 


Moreover, Assumption [Ajr^y, 


For example, Thompson’s group T of orientation preserving, piece-wise linear, 
dyadic homeomorphisms of the circle contains finite cyclic subgroups of any given 


order, and hence there can be no ET{Fin) of finite type by Proposition 2.1 How¬ 
ever, in |GV15[ Corollary 1.5] it is proved that Thompson’s group T satisfies As¬ 


sumption [Ajtg 




For Thompson’s group T and for outer automorphism groups of free groups there 
seem to be no previously known results about the Farrell-Jones Conjecture. 

First of all, notice that this assumption 


We now turn to Assumption [BjrG 


depends on the group G only through the set of numbers c that appear as orders 
of finite cyclic subgroups of G. Fix integers c > 1, f > 0, and a prime number p. 
The map in Assumption [BjrQyf\ followed by the projection to the factor indexed 
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by p, is the diagonal j3 of the following commutative diagram. 

Kt(Z[C]) -^ Xt(Zp0Z[C,]) 


(2.3) 


Kt(Z[C,];Zp) 


Kt (Zp 0 Z[Cc]i ^p) 


The vertical maps are induced by the natural map K(i?) —> K(i?)p from the 
algebraic /f-theory spectrum to its p-completion. The horizontal maps are induced 
by the ring homomorphism Z[(c] — '^p0z'^[Cc]- Notice that Z[^c] is the ring of 
integers in the number field Q(Cc)) and that there is a decomposition 

Zp 0 zi^cj = ri I 

^ PIp 

where the product runs over all primes p in Z[<^c] over p, and Op is the completion 
of Z[(^c] with respect to p. Since Kt(—) and Kt(—;Zp) respect finite products, one 
can rewrite diagram (2.31 with suitable products on the right-hand side. 


We first consider the cases t = 0 and t = 1. 


Proposition 2.4. Ift = 0ort = l, then the map /3 in diagram (2.31 is Q-injective 


for any prime p and for any c > 1. In particular, in the notation of Main T echnica^ 
Theorem 1.16 Assumption [i?j=-cyc, {o,i}] always satisfied. 

Proof. The second statement clearly follows from the first. 

If t = 0, the map /3 is easily seen to be Q-injective, because Ko{Z[(c]) is the sum 
of Z and a finite group, the ideal class group of Q(Cc)- 

If t = 1, the determinant identifies Ki(R) with the group of units i?^, provided 
that i? is a ring of integers in a number field |BMS67[ Corollary 4.3 on page 95], or a 
local ring [Wei 13] Lemma III. 1.4 on page 202]. The abelian group Z[fc]^ is finitely 
generated. Op is the sum of a finite group and a finitely generated Zp-module, and 
both Kq{Z[((c\) and Tfodlpip^p) finitely generated abelian groups. Hence all 
these groups have bounded p-torsion and diagram (2.31 can be identified with the 
following diagram; compare ISubsection dN] 


(2.5) 




(z[Cc]"K 


pIp 

n(4 

pIp 


Here Aff is the p-completion of the abelian group A, defined as the inverse limit 
limiH/p®. The natural map A — > Aff is Q-injective provided that H is a finitely 
generated Z- or Zp-module. Therefore the vertical maps in (2.51 are Q-injective. 
Since the upper horizontal map is clearly injective, too, the result is proved. □ 

We remark that also the lower horizontal map in diagram ( |2.5l ) is Q-injective. 
However, this is highly non-trivial. It follows from the fact that the following 

2 on page 121] for abelian 


conjecture was proved by Brumer Bru67 


Theorem 
)• 


number fields, and so in particular for F = ' 

Conjecture 2.6 (The Leopold! Conjecture). Let Op he the ring of integers in a 
number field F, and let p be a prime. Then the map 
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induced by the natural inclusion Op —> is injective. 


For more information about the Leopoldt Conjecture 2.6 we refer to |NSW08 


Section X.3] and Was97 Section 5.5]. The conjecture is open for arbitrary number 
fields. 


Next we discuss diagram (2.3) for t > 2. We can restrict to the case when t is 


odd, because if f > 2 is even then the rationalized upper left corner Kt{l\C,c\) <8)zQ 
vanishes by |Bor74 Proposition 12.2 on page 271]. 

The p-completed iF-theory groups of Op and hence of Zp(g)zZ]Cc] are com¬ 
pletely known; see for example |Wei05] Theorem 61 on page 165]. However, the 
non-completed Tf-theory groups Kt{Op) seem to be rather intractable; com¬ 
pare Wei05 Warning 60 on pages 164-165]. Hence the strategy of going first right 


and then down in diagram (2.3), which was successful without any effort in the case 


t = 1, does not seem very promising for t >2. 

However, since the abelian groups iFt(Z(^c]) are finitely generated by |Qui73b 
the left-hand vertical map in diagram ( |2.3l ) is always Q-injective. 

The following conjecture concerns the lower horizontal map in diagram (|2.3| 
It is the rationalized analogue for higher algebraic iF-theory of the Leopoldt I 


jecture 2.6 It appeared in |Sch79 page 192], and we refer to it as the Schneider 
Conjecture. A related question was asked by Wagoner in |Wag76 page 242]. In 
ISection Ts] we briefly discuss some equivalent formulations, including Schneider’s 
original one. 

Conjecture 2.7 (The Schneider Conjecture). Let Op be the ring of integers in a 
number field F, and let p be a prime. Then for any t > 2 the map 

Kt{Op;Zp) — Kt{Zp (|) Op] Ip) 

induced by the natural inclusion Op —> Ijpt^zOp is Q-injective. 

The discussion above can then be summarized as follows. 



By lTheorem 18.3] we know that for a fixed number field F and a fixed odd prime p 
there can only be finitely many values of t for which the Schneider {Conjecture 2.7] 
is false. 

In light of Propositions 


2.4 


and 2.8 we view our Assumption [Bpcyc] as a weak 


version of the conjectures of Leopoldt and Schneider. 

We conclude this section with the following well known result, which explains why 
there is no Assumption [Hi] injTheorem 1.7 In fact, a version of this result enters in 


the original proof of Theorem 1.7 by Bokstedt-Hsiang-Madsen; compare BHM93 


Remark 9.6(ii) on page 533]. Recall that a prime p is called regular if p does not 
divide the order of the ideal class group of Q{Cp). 

Proposition 2.9. If c = I and p is a regular prime, then the map 

/3: Kt{Z) ^ KtiZp]Zp) 


in diagram (2.3) is Q-injective for any t > 0. In the notation of Main Technical 
Theorem 1.16 Assumption [Hi jsj] is satisfied. 





















































12 


WOLFGANG LUCK, HOLGER REICH, JOHN ROGNES, AND MARCO VARISCO 


Proof. If p is an odd regular prime, by Lemma 18 J[i) and Theorem 18.3 it suffices 


to verify statement (vi) in Theorem 18.3 for F = Q(Cp)- This follows from the fact 


that in this case Z = 0; com pare |Sch79 Beispiele ii) on page 201]. 
If p = 2, this is proved in |Rog99 Theorem 7.7 on page 318]. 


□ 


3. Strategy of the proof and outline 


In this section we describe the strategy of the proof of lMain Technical Theo-) 
Irem 1.16] and the outline of the paper. Recall that, as explained in the introduc¬ 
tion, Theorems 11.13] and 11.7] are special cases of Theorem 11.16] The strategy can be 
summarized by the following commutative diagram, which we explain below and 
refer to as main diaqram. 

(3.1) 

H^{EG{VCyc)-K^°{Z[G!-])) -> 7fn(ZlG]) 

R°(incl) 

H^{EG{T)-K^\I.[G!-])) -^ ^„K^“(Z]G]) 


Go i 

H ^{ EG { T )- Yi ^\^\ Gf -\)) -. vr„K>0(S[G]) 

H^[eG{T)-UTC{8[GI-]-,p)) -^ ^„(nTC(S[G];p)) 

77G(ii;G(.F);THH(SlG/-])xnC(S[G/-];p)) ^ ^ JtHH(S[G]) x [1 C(SlG];p)) 

V p ' ^ p ' 


The products are indexed over all prime numbers p. 

Here is a family of subgroups of G and EG{F) is the corresponding universal 
space; see the beginning of the previous section. We assume that F C FCyc, i.e., 
that all subgroups in F are finite cyclic. 

The notation K-° stands for the connective algebraic RT-theory spectrum, and 
THH, TC, and C denote topological Hochschild homology, topological cyclic ho¬ 
mology, and Bokstedt-Hsiang-Madsen’s functor G; see Sections ]^ and ]^ We 
construct functors 


(3.2) K^0(A[G/-]), THH(A[G/-]), C(A(G/-];p), TC(A(G/-];p), 

for any coefficient ring or symmetric ring spectrum A; compare {Section 15] These 
are all functors from the orbit category OrG of G to the category of naive spec¬ 
tra NSp. Given any such functor E: OrG —>■ NSp, the assembly map for E with 
respect to a family F of subgroups of G is a map of spectra 


(3.3) asbl: EGIyF)+ E —^ E(G/G) 


defined in Subsection 4H When E is one of the functors in (3.21, then there are 
K^°(A[G/(G/G)])-K^°(A[G]), 


isomorphisms 


and similarly for the other examples. 
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Taking homotopy groups of AorC E defines a G-equivariant homology theory 
[X ; E). The assembly map (|3.3[) then gives a group homomorphism 


a = ^„(asbl): H°{EG[F)- E) ^ ^„E(G/G). 


All horizontal maps in diagram ( |3.l[ ) are given by assembly maps. The top horizon¬ 
tal map is the Farrell-Jones assembly map for connective algebraic AT-theory. 

The vertical map i?^(incl) is induced by the incl usions X C XCy c C VCyc. 
If = XCyc then i7^(incl) is a 
Theorem 0.3 on page 2]. 


'-isomorphism by Example 12.12 and LS16 


[Theorem 12. H and [Example 12.1l| identify the source of rationally with 


(3-4) 0 0 H^iBZaC-q) ® 0cfift(Z[G])0 q) . 

. ^ ^ Q[WgC] V z z 


(C)G(.T) s+t=n 
s,t>0 


Under this identification, the map (1.171 in Main Technical Theorem 1.16 is the 
restriction of cP' Q to the summands satisfying t G T. In the case = 1, it is the 


rationalized classical assembly map (1.5l. The map (1.141 in Main Theorem 1.13 
is identified with 


All other vertical maps are induced by natural transformations of functors from 
OrG to NSp; compare [Section 

The map i is the linearization map given by changing the group ring coeffi¬ 
cients from the sphere spectrum S to the integers Z. The spectrum K-°(S[G]) 
is a model for A{BG), Waldhausen’s algebraic AT-theory of the classifying space 
of G. By a result of Waldhausen |Wal78 Proposition 2.2 on page 43], ^ is a Q- 
isomorphism for any group G. The linearization map extends to a natural transfor¬ 
mation K-°(S[G/—]) —> K-°(Z[G/—]) of functors OrG —> NSp, and therefore 
it induces the map £%. Using [Theorem 12.7 and Addendum 12.13[ we conclude that 
also £% is a Q-isomorphism. 

The map r, followed by the projection to the factor indexed by the prime p, is 
Bokstedt-Hsiang-Madsen’s cyclotomic trace map trCp from algebraic AT-theory to 
topological cyclic homology at p. Using the model of Dundas-Goodwillie-McCarthy 
|DGM13 recalled in Section 15 this map also extends to a natural transformation 
and induces the map t%. 

For any coefficient ring or symmetric ring spectrum A there is a projection map 
TC(A[G];p) —>■ THH(A[G]). In the special case of spherical coefficients A = S, 
there is also a map TC(S[G];p) —C(S[G];p) from topological cyclic homology 
to Bokstedt-Hsiang-Madsen’s functor G; compare Section fT] The map cr is then 
defined as the product of the following maps. For p = 11 take the induced map 
TC(S[G];11) ^ THH(S[G]) x C(S[G];11). For p 7 ^ 11 take TC(S[G];p) ^ 
C(S[G];p). The choice of the prime 11 is arbitrary; we could fix any other prime. 
Also cr extends to a natural transformation and induces the map a%. 


This completes the explanation of the main diagram (3.1 1 . The proof of Main 


[Technical Theorem 1.16] is then an immediate consequence of the following two 
results. Recall that our goal is to show that the restriction of (g)^ Q to the 


summands satisfying t G T in (3.41 is injective. We already know that t% and £ are 
Q-isomorphisms. 


Theorem 3.5 (Splitting Theorem). If Assumption [A'jr <jv+i 
ery n < N the map Gz Q is injective. 


holds, then for ev- 
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Prop |5.1^ 


Thm 16.11 


Cor lOiil 


Cor im 


Thm im 


Thm EH] 


Theorem 3.6 (Detection Theorem). If Assumption t] holds, then for every n 
the restrietion of (cr% o r%) 02 Q to the summands satisfying t G T is injective. 


The main ingredient in the proof of the Detection [Theorem 3.6 is the theory of 
equivariant Chern characters due to the first author, which we explain in jSection 12| 
To show in jSection 15 that the theory can be applied to our examples, we develop a 
general framework in Section 14 which uses the formalism of enriched categories of 
modules that we introduce in Section The proof of the Detection [Theorem 3.6| is 
then completed in |Section 16| In this step we also use a deep result of Hesselholt and 
Madsen |HM97 , building on a theorem of McCarthy |McC97 , about the cyclotomic 
trace map. 

The proof of the Splitting [Theorem 3.5[ occupies the first half of the paper, Sec¬ 
tions to The proof proceeds in stages, starting with general results about the 
assembly map for the cyclic nerve CN, and leading to [Theorem 9.5[ see also [TheHj 
rem 1.19 mentioned at the end of the introduction. The most delicate step occurs 
when passing from topological Hochschild homology to Bokstedt-Hsiang-Madsen’s 
functor C, and is based on the results we developed in |LRV03 and |RV16 


We summarize the steps of the proof in the following roadmap. Every line 
represents a result about the assembly map for the theory indicated on the left. 
Next to the vertical implication symbols, we indicate which assumptions are needed, 
and some of the important results that are used. 


For ... 


. . . the J^-assembly map is ... 


|C7V.(G)| 


THH(A[G]) 


THH(A[G]);.c, 


hofib (tHH(A[G])^p" 


■ THH(A[G]; 


C(A[G];p) & THH(A[G]) x H C(A[G];p) 

p prime 


K^°(S[G]) & K^“(Z[G]) 


split inj for all T, Tr^-iso if Cyc C T 

I |HM97jShi00l 

split inj for all T, Tr^-iso if Cyc C T 

I 

split inj for all T ^ 7r*-iso if Cyc C T 

if A is connective"'^ || uses [HM97jBlu06jRV16] 

split inj for all T, Tr^-iso if Cyc C T 

if G fulfiUs ^A'j^^ <iv+if| | uses [LRVQ3| 

TT^-injective if A" C TCyc, n < N 
L’ t] J| 


& if G fuMJIs I 


uses 

and 


BHM93JHM971 

Luc02JDGm73| 


TT^-injective if A" C FCyc, n < N, t a T 


We conclude this section with two important remarks. 

Remark 3.7 (Limitation of trace methods). The strategy used both here and 
in BHM93 to prove rational injectivity of the assembly map for algebraic RT-theory 
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[^l] 

[ArCyc] 

or 

[^^F. <Af+l] 


breaks down if the homological finiteness assumptions 
are dropped. 

For example, let G be the additive group of the rational numbers Q. Since 
Q is torsion-free, TCyc = 1 and Theorems |1.7| and |1.13| would coincide. Since 
Hi{BQ;'Z) = Q, assumption [Ai] is not satisfied by G = Q. Recall that BQ is a 
Moore space M(Q, 1), and therefore for any spectrum E we have that BQ AE ~ 
SEq, the suspension of the rationalization E. 

Fixing a prime p, the assembly map for TC(S[Q];p) factors as 

BQ+ATC(S;p) -^^ TC(S[Q];p) 


holim BQ+ a(THH(S)'='*>"‘) , 

where t interchanges smash product and homotopy limit. The assembly map for 
the trivial group 1 is a tt*- isomorphism and splits off from the assembly map 
for TC(S[G];p) for any group G. So the interesting part of a factors through 

(3.8) holm BQa(THH(S)'^>’"') , 


since BQ = (BQ_|_)/(B1+). Using that THH(S) ~ S (Example 6.161 and the 


fundamental fibration sequence (Theorem 8.11, we conclude that the homotopy 


groups of the spectrum in (3.8 1 vanish for every n> 2. A similar argument applies 


to J)[ TC(—;p). Therefore, we see that diagram (3.11 cannot be used to prove 


rational injectivity of the assembly map in algebraic iF-theory in this case. 
Remark 3.9. With only Assumption we are not able to prove that the 


assembly map for topological cyclic homology in diagram (3.1) is Q-injective, 


not even in the case of the trivial family B = 1. Even treating one prime at the 
time, our method of proof breaks down without further assumptions on G. The 
reason for this is subtle, and is explained in detail in [Warning 7.13| Remark 10.2 
and [Warning lO} 


4. Conventions 


4A. Spaces. We denote by Top the category of compactly generated and weak 
Hausdorff spaces (e.g., see |tD08[ Section 7.9 on pages 186-195] and |Str09| ), which 
from now on we simply call spaces. A space homeomorphic to a (finite or countable) 
CW-complex is called a (finite or countable, respectively) CW-space. We denote 
by T the category of pointed spaces, and we let W be the full subcategory of T 
whose objects are the pointed countable CW-spaces. 

4B. Equivariant spaces. Given a discrete group G, we denote by Top^ the cat¬ 
egory of left G-spaces and G-equivariant maps. Given G-spaces X and Y, the 
group G acts by conjugation on the space of maps from X to Y, and the fixed 
points are the G-equivariant maps. The pointed version of this category is de¬ 
noted 

We denote by Sets*^ the category of left G-sets and G-equivariant functions, and 
we consider Sets® as a full subcategory of Top®. The orbit category OrG is the 
full subcategory of Sets® with objects G/H for all subgroups H of G. 

Given a group homomorphism a: H —>■ G, the restriction functor 

reSo,: Top® —> Top^ has a left adjoint indc,: Top^ —>■ Top® 
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which sends an iJ-space X to the G-space Gxh X defined as the quotient ofGx X 
by the _ff-action h{g,x) = {ga{h~^),hx). 


4C. Action groupoids. Given a group G and a G-set S, we denote hy GJS the 
groupoid with obj Gf S = S and moTcfsis, s') = { g G G \ gs = s' }. 

Identifying the group G with the category G/pt with only one object, and viewing 
the G-set 5” as a functor from G to Sets, then GJS is the Grothendieck construction 
of this functor; compare |Tho79 Definition 1.1 on page 92]. This definition is 
functorial in S and thus yields a functor 


G/-: Sets*- 


Groupoids. 


4D. Enriched categories. We refer to ML98, Section VII.7 on pages 180-181] 


and [KelOS for the theory of symmetric monoidal categories (V, ©, 1) and categories 
and functors enriched over V, or simply V-categories and V-functors. A monoid in 
a monoidal category V is the same as a V-category with only one object. The 
important examples for us are summarized in the following table. 


(V,©,1) 

V-categories 

monoids in V 

(Sets, x,pt) 
(Cat, x,pt) 
(Ab, ©, Z) 
(T,A,50) 
(ESp, A,S) 

ordinary categories 
strict 2-categories 
pre-additive categories 
topological categories 
symmetric spectral categories 

ordinary monoids 
strict monoidal categories 
rings 

pointed topological monoids 
symmetric ring spectra 


Given a lax monoidal functor F: V — V', any V-category ^ has an associated 
V'-category with the same objects and {F^){x,y) = F{^{x,y)). We use 
the term base change for this passage from V- to V'-categories. 

As indicated in the table, we refer to T-categories, i.e., categories enriched over 
pointed spaces, as topological categories; we refer to T-enriched functors as con¬ 
tinuous functors. Given a skeletally small topological category C, we denote by CT 
the category of continuous functors C —> T and continuous natural transforma¬ 
tions. Of great importance in this paper is the category WT of continuous functors 
to T from the full subcategory W of pointed countable GW-spaces defined in jdA] 
The objects of WT are called W-spaces and are models for spectra. In fact, given 
X e objWT, for every A,Bg obj W there is a map AaX.{B) —s> X(AAi3), 
and so in particular we get a symmetric spectrum by evaluating on spheres. The 
category WT is itself a closed symmetric monoidal category, with respect to the 
smash product of W-spaces X and Y defined as the continuous left Kan extension 
along — A —: W x W —W of the composition 


W X W > TxT ■ ■ > T. 


Gompare Subsections IdE] and ]^ 


4E. Coends and left Kan extensions. Given a small topological category C 
and continuous functors W : C°p — > T and X : C — > T, we let 

Wf\X = coend (C°P x C T x T t) . 

Given a continuous functor a : C — > V, the continuous left Kan extension of X 
along a is the continuous functor 
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If we replace T by WT or by one of the other topological categories of spectra 
in [Subsection 41] then coends and Kan extensions are defined level wise. 


4F. Homotopy colimits. Given an ordinary small category C, consider the func¬ 
tor 

F;C:C°P^Top, c^\N,{ciC)\ 

that sends an object c to the classifying space of the under category c I C. The 
homotopy colimit of a functor X: C —T is defined by 


hocolim X = ECj- A X . 
c c 

If W: C°P —> Top is a contravariant free C-CW-complex in the sense of |DL98 Def¬ 
inition 3.2 on page 221] that is objectwise contractible, then W Ac X is homotopy 
equivalent to hocolimc X. 

If we replace T by WT or by one of the other topological categories of spectra 
in jSubsection 41] then homotopy colimits are defined levelwise. 


4G. Natural modules. The category Modr of natural modules in T is defined 
as follows; compare |DGM13| Section A. 10.4.1 on page 404]. The objects are 
pairs (C,X), with C an ordinary small category and X: C —> T a functor. A 
morphism in Mod^ from (C,X) to (I?,Y) is a pair with /: C —>■ T) a 

functor and v. X —> f*Y a natural transformation. Homotopy colimits define a 
functor 


hocolim: ModT-T, (C,X) '— > hocolimX = EC+AX. 

Analogously we define ModwT- get a functor 

(4.1) hocolim: ModwT-^ WT■ 


4H. Assembly maps. As a special case of jdE] and 14F| take C = OrG and V = 
Top*^ for a discrete group G, and consider them as topological categories by base 
change along the strong symmetric monoidal functor (—)+: Top —> T. Take 
a: OrG —> Top to be the inclusion functor. Let NSp be the topological category 
of naive spectra from l4l| and let E: OrG —>■ NSp be a functor. Define E% = 
Lan^ E. 

OrG NSp 

“I 

Top*^ 


By the definition in 4E for any G-space X the spectrum E%(A) is the coend of 
the functor (OrG)°P x OrG —> NSp given by 


{G/H, G/K) ^ mapiG/H, X)f A E(G/A) ^ X^ A E(G/Ar). 


We write E%(X) = A+ AorG E- When X = G/E[ there is a natural isomorphism 


(4.2) G/iT+^A^E9iE(G/iT). 

The assembly map for E with respect to a family E of subgroups of G is the map 
of spectra 


(4.3) asbl: EG{E)+ E —^ E(G/G) 
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induced by the projection EG{F) —> pt = G/G and by the isomorphism (4.21. 
Here EG{F) is the universal space for F] see the beginning of Section 2 Moreover, 

EG(U+ E S! EG(U+ A E|o,o,„ , 

where OrG{F) is the full subcategory of OrG with objects G/E[ for H G F. Since 
the functor map(—, ifG(J^))‘^: OrG(J^)°P —> Top is an objectwise contractible 
contravariant free OrG(J^)-CW-complex, the source of ( |4.3[ ) is homotopy equivalent 
to 

hocolim(OrG(J") -A OrG A NSp) . 

41. Spectra. As motivated in [Remark 4. 6| below, we need to use several different 
model categories of spectra: 

NSp naive spectra (of topological spaces), 

symmetric spectra (of topological spaces), 
orthogonal spectra, 
yy-(pointed) spaces, 
r-(pointed) simplicial sets. 

We refer to [MMSSOl] for definitions, details, and historical remarks. Two com¬ 
ments are in order. 

Our category W, defined in 4A differs from [MMSSOT Example 4.6 on page 454], 
where only finite CW-spaces are considered. However, it is remarked in loc. cit. 
that the theory works equally well for countable rather than finite CW-spaces. In 
Theorem 8.2 we use a result of Blumberg |Blu06 for finite CW-spaces, and there 


ESp 

ThT 

WT 


we make that restriction explicit. 

Moreover, our notation is slightly different from the one in MMSSOl . In par¬ 
ticular, we write Sp instead of 5^, T instead of ^ for Segal’s category r°P and, 
following |RV16 , Th instead of for the topological category of real finite dimen¬ 
sional inner product spaces and Thom spaces of orthogonal complement bundles. 

These categories are connected by forgetful functors 

(4.4) Wr ThT A ESp NSp ; 

compare [MMSSOT Main Diagram on page 442]. With the sole exception of NSp, 
all other categories in (4.41 are closed symmetric monoidal with respect to the 
smash product, and the two functors on the left are lax symmetric monoidal. 

For all categories in (4.4), homotopy groups and hence tt*- isomorphisms are de¬ 
fined after forgetting down to NSp. All categories are Quillen model categories with 
respect to the stable model structure from [MMSSOT Theorem 9.2 on page 471]. 
With the only exception of ESp, the weak equivalences are the tt*- isomorphisms. 
In all cases, the fibrant objects are the ones whose underlying naive spectrum is an 
ri-spectrum in the classical sense [MMSSOl Proposition 9.9(ii) on page 472]. All 
categories in (4.4) are Quillen equivalent [MMSSOl Theorem 0.1 on page 443]. 

In all cases, limits, colimits, and homotopy colimits are defined levelwise. How¬ 
ever, homotopy limits have to be defined by first applying a fibrant replacement 
functor. 

Finally, in Section 15 we need to compare the topological categories of spectra 
that we use with the category TiS*, which is used in |DGM13 . There are strong 
symmetric monoidal functors 


(4.5) 


TS, 


rr 


WT; 
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see [MMSSOl Section 19 on page 499 and Proposition 3.2 on page 450]. We intro¬ 
duce the notation || —1|: PiS* —ESp for the composition of (4.51 and the forgetful 
functor U: WT —ESp, because we need it explicitly in jSection 15[ Notice that 
the choice of using countable instead of finite CW-spaces in the definition of W 
does not affect the composition U o P: FT —>■ ESp. 


Remark 4.6. Notice that assembly maps cannot be defined in the stable homo- 
topy category; the category NSp of naive spectra is sufficient to define and study 
them. Symmetric spectra have the additional structure that is needed for the in¬ 
put of topological Hochschild homology and its variants. The output naturally 
comes equipped with more stru cture 


_ and THH takes values in WT and actu¬ 
ally even in WT"® ; see 4L and Section 6 Striving to use the same category for 
both input and output is irrelevant for our purposes and would lead to superfluous 
complications. Working in WT^ enables us to consider equivariant shifts as in 
Definition 4.10 and |4L| below, which we use in Section 7 to obtain a convenient 
point-set level model for the homotopy fiber of the restriction map between the 
fixed points of THH. This is crucial for the proof of our splitting theorems; see 


Remark 10.2 In Section 8 we use (equivariant) orthogonal spectra for the natural 


model of the Adams isomorphism between homotopy orbits and fixed points devel¬ 
oped in RV16 . Finally, in Section 15 we use constructions of DGM13 that are 


performed using F-spaces in the simplicial setting, and so we need to compare their 
setup with ours. 


4J. Properties of symmetric spectra and symmetric spectral categories. 

As indicated in |4D[ we refer to ESp-categories as symmetric spectral categories. 
Symmetric ring spectra are the monoids in ESp, i.e, symmetric spectral categories 
with only one object. 


Definition 4.7. Let E be a symmetric spectrum. We say that E is: 


(i) 

(ii) 

(iii) 

(iv) 


well pointed if for every x G N the space E^, is well pointed. 
cofibrant if it is cofibrant in the stable model category structure on ESp. 
strictly connective if for every x > 0 the space E^, is (x — l)-connected; 
compare [MMSSOl Definition 17.17 on page 496]. 

convergent if there exists a non-decreasing function A: N —> Z such that 
lima;_,,oo A(x) = oo and the adjoint structure map E^, —> is (x-l-A(x))- 

connected for every x > 0. 


Definition 4.8. Let D be a symmetric spectral category. We say that D is: 

(i) objectwise well pointed if for every c,dG obj D the symmetric spectrum D(c, d) 
is well pointed. Similarly we define objectwise cofibrant, objectwise strictly 
connective, and objectwise convergent. 

(ii) very well pointed if it is objectwise well pointed and for every d S obj D the 

identity induces a cofibration —>■ D(ci, d){S^) of the underlying unpointed 

spaces. We say that a symmetric ring spectrum A is very well pointed if it is 
so when considered as a symmetric spectral category with only one object. 

Definition 4.9 (Connective^). We say that a symmetric ring spectrum A is 
connective^ if it is strictly connective, convergent, and very well pointed. 
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We emphasize that the last two conditions are very mild. The last one simply 
means that 5° —> Ag and pt —A„ are cofibrations for all n > 0. Any (—1)- 
connected ri-spectrum is strictly connective and convergent. The sphere spectrum S 
and suitable models for all Eilenberg-Mac Lane ring spectra Hi? are connective^. 

4K. Equivariant spectra. Given a finite group G, we consider naive G-spectra, 


i.e., objects of the categories in (4.41 equipped with a G-action in the categorical 
sense, and G-equivariant maps. We write ThT*^, SSp*^ for the corresponding 

subcategories. Notice that, as the notation suggests, WT’^ and ThT*^ are the same 
as the categories of continuous functors from W or Th to T*^. A G-map /: X —^ Y 
in any of these categories is called a -isomorphism if it is a 7r»-isomorphism of 
the underlying non-equivariant spectra. 

When working with orthogonal spectra, though, naive is not naive, in the precise 
sense that the categories ThT*^ and ThcTG are equivalent; see HHR16, Proposi¬ 


tion A.19 on page 147; |MM0^ Theorem 1.5 on pages 75-76; |RV16 Theorem 4.12 on 
pages 1507-1508]. Here To is the category with obj To = obj and morphism G- 
spaces of not necessarily equivariant maps equipped with the conjugation G-action. 
This is a topological G-category, i.e., a T'^-enriched category. The topological G- 
category Tho is defined analogously, and we denote by TIigTg the corresponding 
category of continuous G-functors. This is the category of non-naive orthogonal 
G-spectra from |MM02 ; see also |RV16 Section 4, pages 1504-1507]. 

Analogously, we write WgTg for the category of non-naive G-equivariant W- 
spaces, studied in detail in Blu06 . Here Wg is the full subcategory of 7g whose 


objects are the pointed countable G-CW-spaces, where a (countable) G-CW-space 
is a G-space G-homeomorphic to a G-CW-complex (with only countably many 
G-cells). The following definition plays an important role in our work. 

Definition 4.10 (Equivariant shift). Given E G obj Wg and X G obj we 

define sh^X G obj as follows. Let c: W —Wg be the inclusion of the trivial 

G-spaces. Restriction along l gives a functor l* : WgTg —WT*^. In the other 
direction, given X G obj WT'^, define its diagonal ext ension extX G obj WgTg by 
(extX)(i3) = X(resi?), where res = resi_,.G as in 


4B 


B 


B denotes the 


action of g G G on B, then the action of g on (ext X) (i?) is defined as 
^^extX)(B) ^ £X(resB) = X(£f) O B) ^ 

For Y G obj WgTg and E G obj Wg, define sh^Y G obj WgTg by (sh^Y)(i?) = 
Y{E f\B). Finally, we put 

sh^X = 6*sh®extX. 

In words: extend diagonally to non-naive G-equivariant W-spaces, shift, and then 
restrict back to naive G-equivariant W-spaces. 

4L. ^^-equivariant spaces and spectra. The circle group acts on the geo¬ 
metric realization of cyclic spaces and spectra; compare |4M| For actions of the 
non -disc rete group 5'^, we keep the notations and conventions introduced in 4B 
e.g., we write T'®\ WT'^\ ESp'^ , etc. 


and 


4K 


Now let X G obj yVT^^ and let G be a finite subgroup of . The fixed points X*^ 
are defined levelwise: X‘^(A) = X(A)‘^ for every A G obj W. Given a pointed S^- 
space E such that lesc^s^E G obj Wg, using Definition 4. 10] we put 


(sh^X) = (sfo^’^c^si^resc^siX) G obj WT. 
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Notice that the assumption on vesc^s^E is satisfied for any subgroup C of 
iiE = ESl =CP“. 


4M. Simplicial and cyclic objects. Given a category C, we write A°pC and 
A°PC for the categories of simplicial and cyclic objects in C, respectively. We use 
the abbreviation 5* = A°PSets* for the category of pointed simplicial sets. 

Recall that the geometric realization of a cyclic space c arries a natural ^^-action, 


and so we get a functor | —|: A°PTop —>■ Top* ; e.g. 


see 


DHK85 


Jon87 


Section 3 


on pages 411-414; Dri04 . 

The following condition, introduced by Segal |Seg74 Definition A.4 on page 309], 
becomes important when realizing simplicial spaces. 


Definition 4.11. We say that a simplicial unpointed space X, G obj A°PTop is 
Segal good if for every u G N and every i = 0,..., n — 1 the degeneracy map 
Si: Xn_i —> Xn is a cofibration. We call a simplicial or a cyclic pointed space 
Segal good if the underlying simplicial unpointed space is Segal good. 


Lemma 4.12. Let X,,y, G obj A°PTop he simplicial spaces and let /, : X, — Y, 
be a simplicial map. Assume that A, and Y, are both Segal good. 

(i) There is a natural weak equivalence hocolimAop A, — > |A, | . 

(ii) If /, is a weak equivalence in each simplicial degree, then |/, | is a weak 
equivalence. 

(Hi) If ft is a cofibration in each simplicial degree, then |/, | is a cofibration. 


Proof, (ii) follows at once from |(i)| 

|(i)| and (iii) follow from more general model-theoretic statements, which we now 
briefly recall. A simplicial space A, is called Reedy cofibrant if LnX, C A„ is 
a cofibration for each n, where L„A, = Uo<i<n-i ■ (Slightly stronger 
versions of the Reedy cofibrant and Segal good conditions are called proper and 
strictly proper in |May72 Definition 11.2 on page 102].) A simplicial map /, is 
called a Reedy cofibration if A„ Ul^x, LnY, —is a cofibration for each n. 
By |Lew82] proof of Corollary 2.4(b) on page 153], Segal good implies Reedy cofi¬ 
brant. If A, is Reedy cofibrant, then is proved in |Hir03 Theorem 19.8.7(i) on 
page 427]. Furthermore, if A, and Y, are Reedy cofibrant and /, is a cofibration 
in each simplicial degree, then /, is a Reedy cofibration. This follows from Lillig’s 
union theorem for cofibrations |tD08[ Theorem 5.4.5 on page 114] and the fact that a 
pushout square in Top along a closed embedding is a pullback square |Str09 Propo¬ 
sition 2.35 on page 9]. Then (iii) is a special case of the fact that geometric real¬ 
ization sends Reedy cofibrations between Reedy cofibrant objects to cofibrations; 
see |GJ09 Proposition VII.3.6 on page 374]. □ 


For simplicial or cyclic objects in one of our categories of spectra we define 
Segal goodness level wise. Since homotopy colimits are defined level wise, we have 
the following immediate consequence of Lemma 4.12 We formulate it explicitly 


for WT, but it holds verbatim for all other categories of spectra in (4.4|. 


Corollary 4.13. //X, G objA°P(>VT) is levelwise Segal good then there is a 
natural level equivalence in WE 


hocolimX, —> |X, I. 

A°P 

//X,,Y, G objA°P(yV’7^) are both levelwise Segal good and /, : X, —>■ Y, is a 
-isomorphism in each simplicial degree, then j/,j is a -K^^-isomorphism. 
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Lemma 4.14. Let 

(4.15) X. A Y. Z. 

be a sequence of maps in A°'p{WT). Assume that X,, Y,, and Z, are levelwise 
Segal good, and assume that ( |4l5t is in every simplicial degree a stable homotopy 
fibration sequence in WT. Then 

|X.| H |Y.| H |Z.| 

is a stable homotopy fibration sequence in WT. 

Proof. This follows from |Corollary 4.13| using that stable homotopy fibration se¬ 
quences and stable homotopy cofibration sequences are the same in WT, that 
hocofib /, is levelwise Segal good if X, and Y, are levelwise Segal good, and that 
geometric realization commutes with homotopy cofibers. □ 


4N. p-completion of spectra. For a prime p, we define the p-completion Xp of 
a naive spectrum X as the Bousfield localization of X with respect to the Moore 
spectrum of Z/pZ, in the sense of |Bou79 . This construction is functorial in the 
stable homotopy category; it can be made functorial in the symmetric monoidal 


categories of spectra above, but we do not need it for our purposes. By Bou79 


Proposition 2.5 on page 262], for any n € Z there is a splittable short exact sequence 
0 ^ Ext(Z[i]/Z, 7 r„(X)) ^ 7 r„(X;) ^ Hom(Z[i]/Z, 7 r„_i(X)) ^0. 

If the p-torsion elements in 7 r„(X) and 7 r„_i(X) have bounded order, then 
Ext(Z[i]/Z,^„(X)) ^„(X);= hm 7 r„(X)/p*, 

Hom(Z[i]/Z, 7 r„_i(X)) ^0; 

see |BK72[ Section IV.2.1 on pages 166-167]. In particular, if the abelian groups 
7 r*(X) are finitely generated, then 7 r*(Xp) = 7 r*(X) 02 Zp. By |Bou79 Lemma 1.10 
on page 259], p-completion preserves stable homotopy fibration sequences of spectra. 


5. Cyclic nerves 

In this section we recall the definition of the cyclic nerve of categories, study 
the corresponding assembly map, and then prove our first splitting result. Proposi¬ 
tion]^^] This proposition serves as model for all our subsequent splitting theorems. 

Definition 5.1 (Cyclic nerve). The cyclic nerve of a small category C is the cyclic 
set CN,{C) with g-simplices 

CNg{C)= U C(co,Cq) X C(ci,co) X • • • X C(c,,c,_i). 

C0,Cl,...,Cg 

in obj C 

The face maps are given by composition (and dq also uses cyclic permutation), the 
degeneracies by insertion of identities, and the cyclic structure by cyclic permuta¬ 
tions. 

In the case of monoids, this construction appears in |Wal79] (2.3) on page 368], 
where the notation is used. 
jPefinition 5.1] produces a functor 

CN, : Cat —^ A°PSets 
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from small categories to cyclic sets. Natural isomorphisms of functors induce cyclic 
homotopies, and so cyclic nerves of equivalent categories are cyclically homotopy 
equivalent. Recall from [Subsection 4M| that the geometric realization of a cyclic set 
has a natural S'^-action. 


Example 5.2 (Free loop space). If M is a monoid, seen as a category with only 
one object, then there is an S'^-equivariant map 

(5.3) \CN,{M)\ —^ rSM = map(S'\ RM), 


where BM is the classifying space of M and CBM is the free loop space of BM. 
If M is group-like, i.e., if ttq^M) is a group, then this map induces a weak equivalence 
between the fixed points 

\CN,{M)f ^ {CBMf 


of any finite subgroup C of 5'^. However, the induced map on S'^-fixed points is 
not an equivalence in general. For more details, see |Goo85 proof of Lema V.1.3 
on pages 209-211; Jon87 Theorem 6.2 on page 420]. 


Given a group G, we consider the functor given by the composition 

OrG Groupoids A°PSets 
and the associated assembly map of pointed iF^-spaces 


EG{B)+ A |GiV.(G/-)|+ ^ |G1V.(G)U ■ 

OrG 

The key to study this assembly map is a certain retraction that we proceed to 
define. 

Let S' be a G-set, and consider its action groupoid G/S from [Subsection 4G| 
Let conj G be the set of conjugacy classes [p] of elements g G G. We denote 
by (poj 5 i) • ■ • i 5 i 3 ) s) the element in GNq{GfS) consisting of the {q + l)-tuple of 
morphisms {go, gi,..., gq) in the summand indexed by (sq) si, • • •, Sq), where Sq = s 
and Si = gi+i ■ ■ • gqS for 0 < i < q. 


So ^ 


Si c- 


9q — l 

< - Sq-l <- 


gq 


go 


Sq 

J- 


Sending {go,... ,gq,s) to [gogi ■ ■ • gq] G conj G defines a map 
(5.4) GN,{G!S) —^conjG. 


If we consider conj G as a constant cyclic set, then (5.41 is a map of cyclic sets, and 
therefore it induces a decomposition 


(5.5) 


GiV.(G/S)= U GiV.,[,](G/S), 

[c] G conj G 


where GN, [c](G/S) denotes the preimage of [c] under the map (5.4). Similarly, 
given a family B of subgroups of G, we denote by GN, jr{GJS) the preimage of 

conjjr G = { [c] I (c) € } C conj G, 


and we call CN, jr{GJS) the 7^-part of GN,{GJS). Here and elsewhere (c) denotes 
the cyclic subgroup of G generated by c. 
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There are cyclic maps 
(5.6) CN,{G!S)+ ^ 




CN,^^{GJS) 


+1 


where in^ is the inclusion, and the projection pr^r sends the components with 
(c) ^ to the disjoint basepoint and is the identity on the components with 
(c) S J-. They clearly satisfy prjroinjr = id. 


Notice that the decomposition (5.51 and the maps (5.6 1 are natural in S. 


The following lemma gives an explicit computation of the cyclic nerve of action 
groupoids, and is the basis for all our splitting results for assembly maps. We 
need to introduce some notation. We put E,G = N,{GJ{G/1)), the nerve of the 
category with set of objects G and precisely one morphism between any two objects. 
The geometric realization EG = \E,G\ is a functorial model for the universal 
contractible free G-space. Recall that ZqH denotes the centralizer of H in G. 

Lemma 5.7. Choose a representative c in each conjugacy class [c] € conj G. Then 
for any G-set S there is a simplicial homotopy equivalence 

(5.8) U E,Zg{c) X ini,p{G/{c),Sf ^CN,{GJS). 

[cjCconj G ^g{^) 


The map (5.8 1 is natural in S, and it is compatible with the decomposition (5.51 of 
the target. 


Proof. See |LR06 Proposition 9.9 on page 627]. 


□ 


Remark 5.9. Notice that the source of the map (5.8 1 does not admit any obvious 
cyclic structure. 

Proposition 5.10. For every G-space X there is a natural commutative diagram 

A X+^A^|GiV.(G/-)| + 


(5.11) 


[cjGconjG ^ 

[c]Gconj^G ' 


OrG 

id A pr^ 


> X+ A |GiV.,^(G/-)|. 


OrG 


where the left-hand vertical map is the projection to the wedge summands with 
(c) S E, and both horizontal maps are homotopy equivalences. 


Proof. The simplicial homotopy equivalence from jLemma 5.7l induces the horizontal 
homotopy equivalence in the following display. 


W X 
OrG 


u E,Zg{c) X map(G/(c),-)^ 

[cjGconjG -2 ^g(c) 

®t= 

X X U (eZg{c) X map(G/(c),-)^) 

[c]Gconj G'' Zg{c) ' 


A X X |G1V.(G/-)| 

OrG 


u EZg{c) X (x X map(G/(c),-)^) ^ U EZg^c) x 

[cjGconjG OrG [cjGconjG 
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The isomorphism © comes from the fact that geometric realization commutes with 
colimits and finite products, @ comes from associativity and distributivity proper¬ 
ties, and @ comes from the Yoneda lemma. Adding disjoint basepoints gives the 
top horizontal homotopy equivalence in diagram (5.111. Since the vertical maps 


in (5.11) are retractions, also the bottom horizontal map is a homotopy equiva¬ 
lence. □ 

We are now ready to prove the following result, which is the model case of all 
our splitting and isomorphisms results for assembly maps. Notice that, using the 


equivalence (5.3), this result also gives a computation of the free loop space CBG. 


Proposition 5.12. Let G be any group. Consider the following commutative dia¬ 
gram of pointed -spaces. 


EG{B)+ A\GN,(G!-)l 


asbl 


(5.13) 


OrG 
id A prjp- 


EGiT)+ A \GN,,^{GJ-)\^ 

OrG ^ 


\CN,{G)\_ 




asbl 


|CTV.,^(G)L 


After forgetting the -action, the left-hand map and the bottom map are homo¬ 
topy equivalences. If J- contains all cyclic groups, then the right-hand map is an 
isomorphism. 


Proof. Apply Proposition 5.10 to A = EG{E). Since EG{E)^‘^^ = 0 if and only 
if (c) ^ E, the vertical map on the left in diagram (|5.13|) corresponds under the 
homotopy equivalences of |Proposition 5.l0] to the identity. 

Recall that the horizontal assembly maps are the maps induced by the projection 
EG{E) —S' pt and the isomorphism pt^ AorG|GY,_jr(G/—)|^ = |GY,,jr(G)|^. If 
(c) G E, the equivariant map EZq{c) x EG{E)^’^'^ —S- EZq{c) x pt is a non- 
equivariant homotopy equivalence of free .Z( 3 (c)-CW-spaces, and hence it remains 
a homotopy equivalence after taking quotients of the .Z( 3 (c)-actions. Using Propo¬ 
sition 5.10 this shows that the horizontal map at the bottom of diagram (5.13) is 


a homotopy equivalence. Finally, the last statement is clear from the definition of 
the projection pr^r. □ 


6. Topological Hochschild homology 


In this section we prove the splitting theorem for assembly maps for topological 
Hochschild homology. Theorem l.lf|^ More precisely, we establish the following 
result. 


Theorem 6.1. Let G be any group and A any very well pointed symmetric ring 
spectrum. Consider the following commutative diagram in VVE^ . 


GG(A)+^A^THH(A[G/-]) 

id A prjT 

EG{E)+ A THH^(A[G/-]) 


-A THH(A[G]) 

A THH^(A[G]) 


The left-hand map and the bottom map are ttI- isomorphisms. If E contains all 
cyclic groups, then the right-hand map is an isomorphism. 
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We begin by recalling the definition of topological Hochschild homology, follow¬ 
ing |Bok86| and |DM96 


Let X be the category with objects the finite sets a; = {1, 2,..., cc} for all a: > 0, 
and morphisms all the injective functions. Ordered concatenation (x, y) i —> xUy = 
X + y defines a strict cocartesian monoidal structure on I, symmetric up to natural 
isomorphism. 

Let D be a symmetric spectral category; compare [Subsection 4J[ Let g S N. In 
order to simplify the notation below, we write Xl'^1 for X'^+^. Define cnj^jD to be 
the functor 

(^0; ■ • ■ 1 ^ \J ^q^XQ ^ do)xi A * * * A dq—i^Xq ■ 

do,...,dq 

in obj EJ 

In the special case when D is the sphere spectrum S, notice that cn[q]S(a;o,..., Xq) = 
S^o A • • • A S'®’. Then define 

X[«l 


x= (Xo,...,Xq) 


WT 

map(cn[q]S(ai’), — A cn[q]D(a?)) 

= map(S'““ A • • • A , — A cn[q]D(a:o, ■ ■ •, Xq )), 
where — denotes the variable in W. 

The key observation for the definition of topological Hochschild homology is that 
the functors M[q]D assemble to a cyclic object in the category of natural modules 
in WT defined in ISubsection 4Gl 

(6.2) (XW, : A°p ^ Modwr , M ^ . 

This is explained in detail in [DGM13| Sections 4.2.2.3-4 on pages 151-153]. 

Definition 6.3 (Topological Hochschild homology). Let D be a symmetric spectral 
category. Then THH,(D) G objA°P(WT) is defined as the composition of (6.2) 
and the functor hocolim: ModwT-^ WT in (14.1|: 


THHq(J3) = hocolim . 

This defines a functor 

SSp-Cat ^ A°p(WT) , 

and its composition with the geometric realization functor | — |: A°pT —> gives 


THH(-) = \THH,{-)\: ESp-Cat 


WT 


■s^ 


Now let A be a symmetric ring spectrum. Any ordinary category C defines a 
symmetric spectral category A[C] by base change along the lax symmetric monoidal 
functor 

A A —+ : Sets —>■ ESp , X i—A A ; 

compare [Subsection 4D| 

Lemma 6.4. Let A be a symmetric ring spectrum, and let C be a small category. 
Then there is a natural isomorphism of functors X^'^l —> T 

(6.5) 


cn[,](A[C])(?)-cn[,]A(?)ACiV,(C)+ 
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and a natural isomorphism of functors A°p —>■ ModwT 

(6.6) (JW,M[.](A[C])) ^ (lW,map(cn[.]S(?), - A cn[.]A(?) A C'iV.(C)+)) , 

where ? denotes the variable in Xl*! and — the variable in W. 

Proof. Evaluated at ? = {xq, .. .,Xq) S objl^*!, the isomorphism (6.51 is given by 

'\J a C (CQ , Cg ) ^ A Aa;^ AC(C1,Co)-|-A***A ^Xq Atl(Cg,Cg_l)-|_ = 

Cq 5• • • 5 Cq 

— (Axo a Aa^a A * * • A ^Xq ) A f ])J ^(cOjCg) xC(ci,co) X *** xC(Cg,Cg_i)^ 

The rest is then clear. □ 

Now we specialize to C = Gf S for a gronp G and a G-set S. Using the de¬ 
composition (5.51 of the cyclic nerve of action gronpoids, from (6.51 we obtain a 
decomposition 

cn[.](A[G/5])- V cn[.,.[,](A[G/5]), 

[c] G conj G 

where we define 

cn[.],[,](A[G/^]) = (cn[.]A) AGiV.,[,](G/5)+ . 

Similarly, given a family of subgroups of G, we define cn[,]^jr(A[G/5']). There 
are maps 


(6.7) 


cn[.](A[G/5]) 




cn[.],^(A[G/5]) 


satisfying prjroinjr = id. Then we define 

A/[g],^(A[G/5]):lf«l ^ Wr 

X I —map(cn[g]S(T), — A cn[g] A(X) A GN”, .^(G/5)+)- 
As [q] varies, these functors assemble to a cyclic object 

(lW,M[.],^(A[G/5])): A°p ^ Modwr • 

Definition 6.8. The J^-parts of topological Hochschild homology are defined by 
THHq^riKGfS]) = hocolimM[g],^(A[G/S']) 

and 

THH^(A[G/5]) = \THH,^^{k[GfS ])\. 


The maps (6.71 induce maps 
(6.9) 




THH(A[G/5']) 7^—» THH^(A[G/S']) 

in^ 

satisfying pr^p o in_F = id. 

[Theorem 6.1| follows from [Proposition 5.12| nsing the following resnlt, which in 
the case of discrete rings is due to Hesselholt and Madsen |HM97 Theorem 7.1 
on page 81]; see also Hes05 Proposition 3 on page 81]. In fact, they additionally 
prove that the map (/? in (6.111 is a ^^-isomorphism for every finite cyclic snbgronp 
G of 5'^. Even though this stronger equivariant statement can also be generalized 
here, we restrict to the case G = 1, since this is all we need. 
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Theorem 6.10. Let A be a very well pointed symmetric ring spectrum, and let C 
be a small category. Then there is a natural nl-isomorphism in yV'T^ 

(6.11) ip: THH(A) A\CN,{C)\^ —^ THH(A[C]). 

IfC = GJS, then p restricts to a irl-isomorphism 

(6.12) THH(A) A|C7V.^^(G/5)|+ THH^(A[G/5]) 


which commutes with the projections and inclusions in (5.6 1 and (6.9l. 


Proof. First, we define the map p in (6.11). Given pointed spaces S, A, and G, 
consider the natural map 


(6.13) 

that is adjoint to / 

A is a-connected, and G is discrete, then the map (6.13) is (2(a —a;) + l)-connected. 
The map (6.13) induces a natural transformation of functors A°p —> Modwr 


map)^. A) AC —>■ map)^, A A G) 

/Aide- Since we need it later, we observe that if S' = 5'“, 


(lW,M[.](A)AGA^.(C)+) = (lW,map(cn[.]S(?), - A cn[.]A(?)) A G1V.(C)+ 

1 

■W, map(cn[.]S(?), - A cn[.]A(?) A CN,{C)+) 
where ? denotes the variable in and — the variable in W. Using the isomor- 




phism ( 6 . 6 ) from Lemma 6.4 and applying the functor hocolim: ModwT- 1 WT 


from (4.1), we obtain a map in A°P(yVT) 

(6.14) 

p, : THH,{A) A CN,{C)+ ^ hocolim(M[.](A) A CN,{C)+) 


THH,{A[C]), 


where the first isomorphism comes from the fact that CN,{C) is constant on ll'l. 
Taking geometric realizations and using the fact that geometric realization and 


smash products commute, we obtain the map in ( 6 . 11 ). 


If C = G/S, it is clear from the definitions that p commutes with the projections 


and inclusions in (5.6) and (6.9). 


Next, we show that is a TrUisomorphism. Since retracts of TrUisomorphisms 
are TrUisomorphisms, this then implies that also pjr is a TrUisomorphism in the case 
when C = GfS. 

The assumption that A is very well pointed implies that the same is true for A[C]. 
Then, by Lemma 6.17p)|below, both the source and the target of p, in (6.14| are 


levelwise Segal good. For the source, we also use Fact 6 . IE i) Therefore, by 


ICorollary 4.13| it is enough to show that p, is a 7 r*-isomorphism in each simplicial 
degree. For a fixed q > 0, both the source and the target of pg are defined for 
arbitrary symmetric spectra, not just for symmetric ring spectra, and we proceed 
to prove that pg is a 7 r*-isomorphism in WT for every symmetric spectrum A. 

We claim that it is enough to show that pg is a 7 r»-isomorphism for cofibrant 
symmetric spectra. To prove this claim, take a cofibrant replacement 7 : Ac —> A 
in the stable model category of symmetric spectra, with 7 a stable fibration and a 


7 r*-isomorphism. From MMSSOl Proposition 9.9(iii) on page 472] it follows that 7 


is a levelwise weak equivalence. Inspecting the definitions, and using the fact that 
homotopy colimits preserve weak equivalences, we conclude that 7 induces levelwise 
weak equivalences THHg{Af) —> THHg{A) and THHg{Ac\ff\) —> TiJi7q(A[C]). 
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Therefore, if (fq is a 7r*-isomorphism for Ac, then the same is true for A, establishing 
the claim. 

So it remains to show that (pq is a 7r*-isomorphism for cofibrant symmetric spec¬ 
tra. By MMSSOl Theorem 6.5(iii) on page 461], cofibrant symmetric spectra are 
retracts of FI-cell complexes in the sense of [MMSSOl Definition 5.4 on page 457]. 
Therefore it is enough to show that pq is a 7r*-isomorphism for FI-cell complexes. 
We argue by cellular induction. The base case is treated below. The induction steps 
are then carried out like in [ShiOO Lemma 4.3.2 and proof of Proposition 4.2.3 on 
pages 179-180], thus completing the proof. 

We show that pq is a 7r*-isomorphism for a free symmetric spectrum A = F^Z, 
where Z = S‘l~^ or D'^ and m,d> 0. By definition 

A S^-"^AZ ifx>m, 

{FmZ)^ = I 

I pt if 0 < a; < TO, 

and therefore {FmZ)x is at least {x — m — l)-connected. 

Recall from ( 6.14) ) that Pq{B) is defined by taking hocolimj:^] of the natural map 

map(cn[q]8(01), F A cn[q]FmZ’(a;)) ACNq{C)+ 

(6.15) I 

map(cn[q]S(af), B A cn[q]FmZ’(a;) A CNq{C)+) 


as in (6.131, where x = {xq, ... ,Xq) G objl^'^l and B G obj W. Let x = XqH - f- 


Then, evaluated at B = S'", the map (16.15 ) is at least (2n—2(g-|-l)TO—l)-connected. 


as observed after (6.131. Since homotopy colimits preserve connectivity of maps 


(e.g., see DGM13 Lemma A.7.3.1 on page 373]), the same is true for (pq{S^), and 
this then implies that pq is a tt*- isomorphism. Here we use the fact that a map 
ijj: X — ^ Y in WT is a 7r»-isomorphism provided that there exists a non-decreasing 
function A: N —> Z such that lim„_>oo A(n) = oo and is (n-|-A(n))-connected 

for each n > 0. 

Now for the base case of the induction one needs to allow different free spec¬ 
tra in the different smash factors. More precisely, one replaces cn\^q^FmZ{x) by 
FmoZQ{xQ) A Fm^Zi{xi) A ■ ■ ■ AFm^Zq{xq) and {q + 1)to by Too + TOi -k • • • -k TOq 
throughout. The argument above then works unchanged. □ 


Example 6.16. Combining ITheorem 6.10] with jbemma 5.’7| we obtain an isomor¬ 
phism in the non-equivariant stable homotopy category 

THH^(A[G])~ V THH(A) A FZg(c)+. 

[c] G conj G 

In particular, if G is finite, then 7r„(THH(S[G])) Cz Q = 0 for all n > 0, since 
THH(S) ~ S. 


In the proof above, as well as in the proof of ITheorem 7.2] we use the following 
lemma. Some versions of it are certainly known to the experts. In particular, 
part l^is stated and used in |HM97 proof of Proposition 2.4 on page 40]. For 


the sake of completeness, we provide here some details. The edgewise subdivision 


construction sdc used in part l(ii)|is recalled before Lemma 7.6 


Lemma 6.17. Assume that the symmetric spectral category D is very well pointed. 
Then: 
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(i) The cyclic W-space THHt(D) is levelwise Segal good. 

(ii) For any finite cyclic subgroup C of and any E G obj the simplicial 
W-space (sh^ sdcTiJ_ff,(D))‘^ is levelwise Segal good. 

If A is a very well pointed symmetric ring spectrum and D = A[G'/S'], then the 
statements in (i) and\(ii)\ also hold for the E-parts. 


Proof, (i) For every A G obj W, i G {0,..., 9 }, and x G objjl'^l the map 

Si'. AAcn[g]D(a;) —>■ A I\ cn\^qj^ifO{si{x)) 

is a cofibration. This uses the assumption that D is very well pointed, t hat the 
object-repeating map Si: obJDl'Jl —> objDl'^+^1 is injective, and Facts 6.1E i) 


(ii) and |(v)| below. Fact 6.1^|(iii) implies that also the map s^: M[,j]D(a;)(A) 
M[q_i_i]]D)(si(a;))(A) is a cofibration. Since Si: ^ only inserts a copy 

of 0 = 0, the assumptions of Fact |6.1^[vii)' are verified and we conclude that 


Si'. hocolimM[g]D(—)(A) 


hocolim M[,+i]D(s*(-))(A) 


is a cofibration. 

|(ii) I Observe that 


cn. 


c[q]i 


[cx 


— \/ /\ (^) I 

(A,<f ,...,dG) g&C 

in objD^I"! 

where the cyclic group C operates by cyclic block permutations on 
{d\d\ ...,dn = {{dldl, . . .,d\), {dldl, . . .,d^), . . . , {dl,dl, . . .,d<q)) G ObjD^M 
and 

B(di.d2,...,dA(^) = ^{dl,dq)ooo AB){dl,dl)^, A ... A D(dJ, 

The assumption together with Fact |6.1^ EUMllMl and I (iv) I yield that 
Si: (sh^Mc[g]D(x)(A))'^ —^ (sh^M^[q+i]I]){x){A))^ 
is a cofibration. The claim now follows from (|7.8[) and again Fact |6.1^ Vii) □ 


The proof of |Lemma 6.17| used the following basic facts. We emphasize that, 
even though these facts are concerned with constructions in pointed spaces, the 
term cofibration always refers to the unpointed version. 


Facts 6.18. Suppose A —X is a pointed map in T that is a cofibration. 

(i) For every Z G obj T the induced map AaZ —X A Z is a cofibration. 

(ii) If X and Z are well pointed, then so is X A Z. 

(iii) If Z G obj 7" is compact, then the induced map map{Z, A) —> map^Z, X) is 
a cofibration. 

we additionally assume that Z G obj is a G-space and 
A — > X is a G-equivariant cofibration, then the induced map is a G- 
equivariant cofibration. 

Suppose As —> Xg, s S S' is a family of pointed maps in E that are cofibrations. 

(v) If all spaces Ag and Xg are well pointed, then the induced map VsgS ^ 

\/g^g Xg is a cofibration. 


(iv) If in (i) or (iii) 
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(vi) If 5 is a G-set and all spaces As and Xg are well pointed, then the induced 
map 

V A V A 

sCiS q^G s^S g^G 

is a G-equivariant cofibration. 

Let (/, ly): {C, A) — {V, X) be a morphism in Mod-T-; see Subsection 4G 


(vii) Suppose the functor /: C —> T) induces an injective function on objects and 
for all c, d G objC the function C(c,d) — 'D{f{c),f{d)) is injective. If 
for all c G objC the spaces A(c) and X(c) are well-pointed and the natural 
transformation lyc' A(c) —>■ X(f(c)) is a cofibration, then the induced map 


hocolim A 
C 


hocolim X 

V 


is a cofibration. 

We can now prove the main result of this section. 


Proof of \Theorem 6.1\ Apply the functor THH(A) A — to the diagram in Proposi- 
|tion 5.12 to obtain the following diagram. 

(6.19) 


THH 


(A)A(AG(J-)+^A^|GiV.(G/-)C 

id A id A 

THH(A) a(aG(J-)+ ^A^|GiV.,^(G/-)|_ 
Then consider the maps 
THH(A) a(aG(J-)+ ^A^|G1V.^^(G/-)| 


id A asbl 


id A asbl 


> THH(A)A|G7V.(G)|_ 


id A prjT 


> THH(A)A|GiV.,^(G)|_ 


AG(J-)+^A^(tHH(A)A|G1V.^^(G/-)|+) 


^^AG(.F)_,^A^THH^(A[G/-]), 


where the first isomorphism uses the associativity and commutativity of smash 
products, and the second ma p is induced b y (6.121, and similarly at the other 
corners of diagram (6.191. By Theorem 6.10 these maps induce an objectwise ttL 


isomorphism between the commutative square (6.191 and the one in Theorem 6.1 
The result then follows from [Proposition 5.12[ 


□ 


Corollary 6.20. Let C he any finite cyclic subgroup of . Consider the following 
commutative diagram in WT. 


£;G(J-)+ A THH(A[G/-]);,c 

OtG 
id A pr^ 

EG{F)+ A THH^(A[G/-])^c 


THH(A[G]),,c 
^ THH^(A[G]) hC 


The left-hand map and the bottom map are n^-isomorphisms. If T contains all 
cyclic groups, then the right-hand map is an isomorphism. 
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Proof. Apply C-homotopy orbits to the diagram in |Theorem 6.1[ Since C-homotopy 
orbits send -isomorphisms to 7r*-isomorphisms, and C-homotopy orbits commute 
up to isomorphisms with smash products over the orbit category, the result fol¬ 
lows. □ 


7. HOMOTOPY fiber of the RESTRICTION MAP 


Fix a prime p. As n > 1 varies, the Cpn-fixed points of THH(D) are related by 
maps 


(7.1) 


R,F: THH( 


THH(D) 


C„„-i 


called restriction and Frobenius. The Frobenius map F is the inclusion of fixed 
points. The definition of the restriction map R is more involved, and is reviewed 
in detail below. 

The goal of this section is to establish the following result, which gives a point- 
set level description of the homotopy fiber of the restriction map. This plays a key 
role in the proof of our splitting theorems; compare [Remark 10.2 [ 

Recall that, given X S obj WT'^ and a finite subgroup C of S^, the fixed 
points G obj WT are defined level wise: X*^(A) = X(A)‘^ for every A G obj W. 


The W-space (sh^'®+X)'^ is defined in 
pt induces a map pr* : (sh^'^+X)'" 


Subsection 4L 


The projection pr: ES^ 


(sh^ X)C ^ X'^. 

Theorem 7.2. If 

(sh'®®iTHH(D))"’’'‘ THH(D) 
is a stable homotopy fibration sequence in WF. 


is very well pointed, then for each n > 1 
pr., R 


THH(D) 


C„-i 


We proceed to explain the definition of R; compare BHM93 page 495; DM96 


Definition 1.5.2 on page 255]. It begins with the following observation, whose 
proof is straightforward. Recall the definition of natural modules in WT from 


Subsection 4G and the functor hocolim: Modw?- > WF in (4.11. 


Lemma 7.3. Let G be a discrete group acting on a natural module (C,X) G 
obj ModwT". Then there is a natural isomorphism in WT 

(7.4) (hocolim(C, X))*^ = hocolim((C, X)*^) . 
where 

(7.5) (C,Xf = {C^,{-foX^co). 

Now let C be a finite cyclic subgroup of and let c be its order. We denote 
by c[*] = [•]□••■□[•] the concatenation of [•] with itself c times, and for every 
X G objwe let cx = {x,x,... ,x) G obj. Recall the edgewise subdivision 
construction sdc from |BHM93 Section 1, pages 467-471]. 

Lemma 7.6. For any symmetric spectral category D, there is a natural isomor¬ 
phism in WF 


\C 


(sdc THH, 


(7.7) THH 

and a natural isomorphism in A°p(WT) 

(7.8) (sdcTTi7.(D))'^ ^ hocolim(j[*l, (Mc[.]D(c-))^ 
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Proof. The first isomorphism is true for any cyclic space; see |BHM93 Section 1, 
pages 467-471]. For the second, we have 

(sdc ri7i7,(D))*^ = ^hocolim(l'^[*], Mc[,]D)^ by definition 

^ hocolim(D) by ([^ I 

= hocolim 

= hocolim^jl'l, (Mc[,]D(c— , 
where in the last isomorphism we use the identification 

c-:lW A 


by (7.51 


X I —> cx . 


□ 


Now we apply Lemma 7.6 for C = Cpn and C = CLn-i. In order to define the 


map i? in (7.11 the key ingredient is then a map in W7” 
(7.9) 




map(^cnp^[,]S(p”f), - A cnp^[,]D(p”T)^ 




Mpr,-iyq 


“ = map^cnpp-i[,j]S(p" ^x), — A cnpn-ij,j]D(p” ^a;)^ 




for any x G objXl'^1. For any A G obj W the map r in (7.91 is defined by considering 
the following maps. 


map|^cnpp[g]S(p"af), A A cnpr.[q]D(p”af) 


map(^(cnpp[,]S(p"x)) 


Cp 


AA(cnp„[g 

A 




C„ \ I 


map^cnpp-i[g]S(p" ^x), A A cnpp-i[g]D(p" ^x'^ 


C„p-i 


The first map is given by restricting to the Cp-fixed points, using the fact that the 
action on A is trivial. For the second map, notice that there is a Cpp /Cp-equivariant 
homeomorphism 

(7.11) An,; cnpp-i[q]D(p"“^T) ^ (cnpp[,]D(p”T))‘^’’ . 

For D = S, this specializes to the Cpp /Cp-equivariant homeomorphism 

As: A • • • A A ((S'“« A • • • A . 

The homeomorphisms As and An, together with the identification Cpp ICp = Cpp-i 
that takes every element of order p" on the circle to its p-th power, induce the 


homeomorphism A in (7.101. Finally, the key map r in (7.91 is defined as the 


composition of the top map with the inverse of the bottom map in (7.101. 


It is not hard to verify that, as [g] varies, the maps r assemble to a cyclic map 
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in A°PModwr- Using (7.8 1 and (7.7l, we thus get the desired map R in (7.11. 
One of the key properties of the R and F maps is that they commute: 

\C ri + 1 ^ V 'T^TT■IU/'T^V^^C',„7^ 


THH( 


(7.12) 


o THH(D)‘- 


\C„ 


THH(D)'"p" -^ THH( 

R 

e.g., see |DGM13 Section 6.2.3 on pages 237-240]. 

Warning 7.13. In general, for D = A[G/S'] there is no map 

R:f-. THH^(A[G/S'])‘^*’" ■■■> THH^(A[G/S'])‘=’p"-' 


The problem is with the wrong-way homeomorphism A in (7.101. The homeo- 
morphism Aa[g/s] in (7.11) does restrict to a map between the J^-parts. But this 
restricted map is not surjective without further conditions on G and T. For exam¬ 
ple, take A = S, S' = pt, n = 1, and q = 0. Identify G/pt = G. Then the map Agf^j 
restricts to 

(7.14) cn[o].^S[G](0) ^ (cnp[o],^S[G](0,..., O))""” . 

Under the identification 

c’4p[o],jpS[G](0, ■.., 0) = { ( 51 ,..., ^p) G G X • • • X G I (gi • • • 5 p) S }_^ , 
in the case = 1 the map (7.14) corresponds to the inclusion 

S0^{gGG|5^ = l}+. 


Next we identify the homotopy fiber of R. The first ingredient is the following. 

Lemma 7.15. Let E be a model for ECpn, i.e., a contractible free Cpn-CW-space. 
Let X be a pointed Cpn-CW-space and Y a pointed Cp^^-space. Then there is a 
natural homotopy fibration sequence 

map(A,A+Ar)'^’'" ^ map(A, map(A'^^ 

where pr,^ is induced by the projection pr: i?_|_ A Y —> Y, and r takes each Cpn - 
equivariant map f: X —> Y to its restriction f^^: X'^^ —> to the Cp-fixed 

parts. 

Proof. By mapping the Gpn-equivariant cofibration sequence X'^p —>■ A —)■ X/X^p 
into the Gp»*-equivariant map pr: E.^. A Y —> Y we get the following map of vertical 
fibration sequences. 

map {X/X<^p,E+AY) map {XfX^p.Y)^^" 

> i 

map {X,E+AY) -U-^ map (A, Y) 


map(ACp,A+AF)'^'’" - > map{X'^p,Y)'^’’" 

The top map is a weak equivalence because the pointed Apn-CW-space XjX^p is 
Cpn-free and if_|_ AF —> F is a non-equivariant equivalence. The upper left-hand 
vertical map is an isomorphism because the lower left-hand space is a single point. 
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The desired homotopy fibration sequence appears as the middle horizontal map, 
followed by the lower right-hand vertical map composed with the identification 
map(X'"p, y^ map(X'"J’, yC"? )C'p" /Cp. □ 

Recall the definition of sh-^X € obj WT^ for E € obj Wc and X S obj WT^; 
compare 


Definition 4.10 


Corollary 7.16. Let E be a model for ECpn, X a pointed Cpn-CW-space, and Y 
a pointed Cpn-space. Consider the continuous functor M = map(X, — Ay): W —>■ 
yCp" ^ Then there is a levelwise homotopy fibration sequence in WT 

(sh^+M)*^^" ^ ^ map(X'^y - A yC ^ fv ^ lc ^ ^ 

Proof. This follows at once from [Lemma 7.151 □ 

Corollary 7.17. Let n > 1 and let E be a model for ECpn. Then for all [g] G 
obj A°P and all x G objl^'^l there is a levelwise homotopy fibration sequence in WT 


(sh^+MpP[,]D(p"f))^’’' 




Proof. This follows from the previous 
right using the homeomorphism A in (|7.10l. 


Corollary 7.16| identifying the term on the 


□ 


We are now ready to prove the main result of this section. 


Proof of \Theorem 7.^1 Consider ES^ as a -space by restricting the action, and 
notice that it is a model for ECpn. Recall that in WT stable homotopy fibration 
sequences and stable homotopy cofibration sequences are the same, and therefore 
they are preserved by homotopy colimits. So by applying hocolimx[gi to the (level- 
wise and hence) stable homotopy fibration sequence from Corollary 7.17 we get a 
sequence in A°^{WT) 


{sh^^+sdpnTHH,{p))^^" ^ (sdppTi7i7.(D)^ {sdpn-iTHH,{ 

which in every simplicial degree is a stable homotopy fibration sequence in WT. 
To identify the term on the left here we used the fact that ( |7.8[ ) generalizes to 

(sh^sdpTiJiJ.(D))^ ^ hocolim(j[*^ (sh®iVT[.,D(c-))'^) . 

Since we are assuming that D is very well pointed, [Lemma 6.17|Dii)] ensures that we 
can apply Lemma 4.14[ The fact that ([7.7[) generalizes to 






(sh^THH(D)) ^ (sh^sdcTTT. 


c 


finishes the proof. 


□ 


8. Adams isomorphism and the fundamental fibration sequence 

The main result of this section is the following theorem. Together with [The-[ 
[orem 7?2\ it identifies up to natural 7r»-isomorphisms the homotopy fiber of the 
restriction map. We emphasize that this identification is natural before passing to 
the stable homotopy category. This subtlety is essential when dealing with assembly 
maps. 

Denote by U: WT^ —TTiT'^ the forgetful functor from C-equivariant W- 
spaces to orthogonal C-spectra. 

Theorem 8.1. Let C be a finite cyclic subgroup of S^. 
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(i) If a is an objectwise strictly connective, objectwise convergent, and very well 
pointed symmetric spectral category, then there is a zig-zag of natural tt^- 
isomorphisms of orthogonal speetra between 

(UTHH(D))^^ and (Ush^‘^+THH(D))'^. 

For each n > 1, in the stable homotopy category there is an exaet triangle 


(UTHH(D))^^ ^ ^ UTHH(D)<^j>" -^4 UTHH(D)‘^p—^ , 

which is referred to as the fundamental fibration sequence. 

(ii) Let D = A[G/S']. Assume that the symmetric ring spectrum A is connective^. 
Then there is a zig-zag of ttI- isomorphisms of orthogonal spectra between 

(UTHH^(A[G/S]))^^ and (Ush^^+THH^(A[G/S]))'^ 


that is natural in S and commutes with the projection and inclusion maps 
induced by (6.91. 


The proof of [Theorem 8.1| is based on the following key result, which in turn uses 
two main ingredients. The first is the natural model for the Adams isomorphism 
developed by the second and last authors in |RV16 , and explained in the course 
of the proof below. The second is a result by Blumberg |Blu06] , giving an equi- 


variant generalization of an unpublished result of Lydakis |Lyd98[ Proposition 11.7 
on page 36]; see also [MMSSOl Proposition 17.6 on page 494]. Notice that the 
assumption on lLJ(sh^+X) below is satisfied whenever X is fibrant in the absolute 
stable model structure on WcTc by |Blu06 Theorem 1.3(6) on page 2263]. 


Theorem 8.2. Let C be any finite group. Let X G obj W7~^ and let E be a finite 
free C-CW-space. Assume that Ush^+X is an orthogonal C-Ll-spectrum. Then 
there is a zig-zag of natural tt- isomorphisms of orthogonal spectra between 


E+AVX and (Ush'^+X)'^. 


Proof. Choose a complete G-universe U. In the category ThT*^ of orthogonal G- 
spectra, consider the bifunct orial replacement construction and the natural map 
r: Y —> Q^(Y) from RV16 Theorem 1.1 on pages 1494-1495]. When Y is good in 
the sense of |RV16 Definition 5.5 on pages 1511-1512] (compare also |HM97 Ap¬ 
pendix A on pages 96-98]), then Q^(Y) is a G-D-spectrum and r is a 7 r^-isomor- 
phism. In particular, if /: Y —Y' is a 7 r,^-isomorphism of good orthogonal G- 
spectra, then Q^{f) is a tt,,- isomorphism and therefore a level equivalence of G-D- 
spectra. Recall also that tt^- isomorphisms of G-fl-spectra induce tt*- isomorphisms 
between the G-fixed points; see for example |RV16 Lemma 6.20(iii) on page 1522]. 
Here a 7 r,„-isomorphism is a map /: Y —Y' such that if) ■ ^ ^nO^') 

is an isomorphism for all n S Z and all subgroups 77 of G. 

Consider also a cofibrant replacement functor T in the stable model category 
of orthogonal G-spectra (compare |MM02 Section III.4 on pages 47-51]), and let 
7 : TY —> Y be the corresponding 5 ;,,,-isomorphism and fibration. Notice that 
cofibrant spectra are good by |RV16[ Lemma 5.10(i) on page 1514]. Recall that the 
fibrant objects are the G-D-spectra. In particular, if Y is a G-fl-spectrum, then so 
is TY. 
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We have now the following zig-zag of natural maps of orthogonal spectra, which 
we explain below. 

E+ A UX < ® E+ A rUX EC+ /\{E+ A TUX) Q^{E+ A TUX)^ 

I® 

Q'^(r(£;+Arux))‘^ 


(Ush^+X) 


(rush^+x 


® 


Q'^(rUsh^+X) 


© 


Q'^(r(£;+AUX))^ 


The maps labeled ®, ®, ®, and ® are all induced by 7 , and the map ® by r. The 
map @ comes from the isomorphism ECj^ Ac(£'+ A TUX) = {EC x E)j^ Ac TUX 
and the projection EC —> pt. Since E is free, @ is a homotopy equivalence and 
Ej^ a tux is C-free in the sense of |R^ (1.6) on page 1495]. Moreover, since 
TUX is good, also A TUX is good by |RV16 Lemma 5.10(v) on page 1515]. 

Using the facts recalled in the first two paragraphs of the proof, we see that 
®, ®, ®, and ® are all 7 r*-isomorphisms. Since E is free, ® is a 7 r*-isomorphism 
by |RV16 Lemma 5.13(iv) on page 1517]. It remains to describe the maps © and ©, 
which are the key steps in the argument. 

By |RV16 Main Theorem 1.7 on page 1496], for every good and C-free orthogonal 
C-spectrum Y there is natural 7 r»-isomorphism 

Q^{Yf . 


A: EC. 


+ AY 
c 


The map A induces in the stable homotopy category the Adams isomorphism of 
Lewis, May, and Steinberger |LMS 86 Theorem 11.7.1 on page 97], which in the 
special case of suspension spectra was proved by Adams |Ada84] Theorem 5.4 on 
page 500]. We emphasize that the map A is natural before passing to the homotopy 
category. This explains the natural 7 r*-isomorphism ©. 

By |Blu06 Proposition 3.6 on page 2275], the natural assembly map 

A+AX —^ sh^+X 

is a TT^-isomorphism for every X € obj WT^ and for every finite C-CW-space E. 
This result in fact holds for any pointed finite C-CW-space B instead of This 
gives a 7 r^-isomorphism C+AUX = l[J(if+AX) —> Ush^+X. Using the facts 
above, this induces the natural 7r»-isomorphism ©, thus completing the proof. □ 


In order to apply Theorem 8.2 to the case X = THH( 
result proven by Hesselholt and Madsen |HM97 . 


we need the following 


Proposition 8.3. Let C be a finite cyclic subgroup of , and let E G obj Wc- 

(i) Assume that the symmetric spectral category D is objectwise strictly connec¬ 
tive, objectwise convergent, and very well pointed. Then l[Jsh^THH(D) is an 
orthogonal C-Ll-spectrum. 

(ii) The same is free/or Ush^THHjr(A]G/5']) provided that the symmetric ring 
spectrum A is connective^. 


Proof. A version of part[^is proved in |HM97 proof of Proposition 2.4 on page 40] 
in the setting of functors with smash products, or PSPs. An inspection of their 
argument, together with Lemma 6.17 [ii) shows that the proof works also under 
the stated assumptions on D. 
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If A is connective^, then A[C] is objectwise strictly connective, objectwise conver¬ 
gent, and very well pointed for any small category C. To verify the second property, 
notice that if A^, is {x — l)-connected and A^, —nAa;+i is {x -\- A(a:))-connected, 
then \J Kx —V -^x+i is roughly min(a; -|- A(a;), 2a;)-connected. Here the wedge 
sum is indexed by any morphism set in C. The other properties are clear. 


Therefore part (i) applies to D = A [els'], and since retracts of fl-spectra are 
again fl-spectra, part (ii) follows. □ 


We can now conclude the proof of [Theorem 8.1| 


Proof of \Theorem 8.1\ We first prove part |(i)[ Notice that the second claim in (i) 
follows immediately from the first claim and [Theorem 7.2 Consider ES^ as a C- 
space by restricting the action. Decompose ES^ = colimigN Ei as a. colimit along 
closed embeddings of finite free C-CW-complexes Ei. For each i take the zig-zag of 
natural tt*- isomorphisms given by [Theorem 8.2[ and [Proposition 8.3| and then pass 
to the homotopy colimit to obtain a zig-zag of natural tt*- isomorphisms between 


hocolim^ifi+ A UTHH(D) 


and 


hocohm (^(Ush^*+ THH(D)) 


Using well known properties of closed embeddings (e.g., see Facts 5.7 on 

pages 1512-1513]), we see that on both sides the homotopy colimit is taken levelwise 
along closed embeddings. Therefore the natural projection hocolim —> colim is on 
both sides a 7r*-isomorphism. Finally, notice that we have isomorphisms 


colim ( Ei+ A UTHH 
iGN V C 


^ F;5'iAUTHH(D), 


cohm(^(Ush^’+THH(D)) j ^ (Ush"""’fTHH 



follows. 


□ 


We close this section with the following result, which is an immediate conse¬ 


quence of Corollary 6.20 and Theorem 8.1 ii) 


Corollary 8.4. Assume that the symmetric ring spectrum A is connective^. Let C 
he a finite cyclic subgroup of . Consider the following commutative diagram 
in WT. 


EG{E)+ A (sh^^WHH(A[G/-]))^ 

OtG 


id A pvjr 


EG(E)+ A (sh^^iTHH^(A[G/-]))' 

vj TCt 


(sh^^iTHH(A[G])) 


c 


P’^r 


asbl 


(sh'®‘^+THH^(A[G]))^ 


The left-hand map and the bottom map are n^-isomorphisms. If T contains all 
cyclic groups, then the right-hand map is an isomorphism. 
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9. Bokstedt-Hsiang-Madsen’s functor C 


Bokstedt, Hsiang, and Madsen define in |BHM93[ (5.14) on page 497] an infinite 
loop space C{X;p) for any space X and any prime p. In this section we define 
a W-space C(D;p) for any symmetric spectral category D, which generalizes their 
original construction in the following sense: if X = BG for a discrete group G 
and D = S[G], then C{BG;p) and C(S[G];p) are isomorphic in the stable homotopy 
category. 

Consider an S'^-equivariant W-space X S obj WT'® . We denote by F(X;p) the 
W-space defined as the homotopy limit in WT of the Gp"-fixed points of X along 
the inclusions F: 


F(X;p) = holim( 

riGN ^ 






X) 


Recall from jSubsection 4I| that homotopy limits in WT are defined by first applying 
a fibrant replacement functor and then taking levelwise homotopy limits. 


Definition 9.1 (Bokstedt-Hsiang-Madsen’s functor G). Given a symmetric spec¬ 
tral category D and a prime p, we define 

C(D;p) = F(sh'®®+THH(D);p) . 

If D = A[G/S] we define 

C^(A[G/S];p) = F(sh^«+THH^(A[G/S]);p) . 


Thus we obtain from (6.9) maps 
(9.2) C(A[G/S];p) 




C^(A[G/S];p) 


satisfying pr^r o injr = id. 

We also use the F-construction to define 


(9.3) 


compare 


HM97 


pt induces a map 


TF(D;p) = F(THH(D);p) ; 

(20) on page 56]. The projection pr: ES^ 

C(D;p) ^TF(D;p). 

Ush^THH^(A]G/S]) is an orthogonal Gpr.- 
t A is connective^. Therefore its Gpn-fixed 
points are orthogonal fl-spectra; e.g., see |RV16] Lemma 6.20(ii) o n page 1522]. 


Remark 9.4. By Proposition 8. 





,ll) 


It follows that also (sh^THH(A[G/S']))T" is a fibrant W-space by Blu06 Theo¬ 


rem 1.3(2) on page 2263], and therefore no fibrant replacement would be needed in 
defining the homotopy limit. 


We are now ready to prove our main splitting result. Theorem 1. If pi)] and The- 
jorem 3.5] The deduction of this result from ICorollary 8.4 is based on the main 


theorem of |LRV 03 


Theorem 9.5. Assume that the symmetric ring spectrum A is connective^. Let 
T C Fin he a family of finite subgroups of G and let N > 0. Assume that the 
following condition holds. 

<Ar+i] For every G £ F and for every 1 < s < fV -f 1, the integral group ho¬ 
mology Hs{BZqC','Z) of the centralizer of G in G is an almost finitely 
generated abelian group. 
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Then the assembly maps 

EG{F)+ A C(A[G/-];p) C{A[G];p) 

OrG 

for all primes p and 

AG(,F)+ A (THH(A[G/-])xnC(A[G/-];p)) ^ THH(A[G])xnC(A[G];p) 

' p prime ' p prime 

are tt'^- injective for all n < N. 

Proof. We first prove the theorem under the additional assumption that J- contains 
only finitely many conjugacy classes. We begin with C(A[G];p). Consider the 
following commutative diagram in WT. 


AG(J-)+ A C(A[G/-];p) 

OrG 


asbl 


o C(A[G];p) 


‘1 


^Ajsh^"iTHH(A[G/-]))'"-) 

holim(id A pr^)J^0 

Sslsj W(A[G];rt 


> C(A[G];p) 


The bottom square is obtained by taking the homotopy limit of the diagrams from 
Corollary 8.4 Therefore the maps ® and ® are 7r*-isomorphisms, and so (D is 


7r*-injective. 

The map t is the natural map that interchanges the order of smashing over OrG 
and taking holim^. We proceed to verify the assumptions (A) to (D) of LRV03[ 
Addendum 1.3 on page 140], which imply that 7r„(t) is an almost isomorphism, 
and so in particular a rational isomorphism, for all n < N. For assumption (A), 
the category C = N has an obvious 1-dimensional model for EN; compare |LRV03[ 
Example 7.1 on page 162]. For (B), iTheorem 8.1 and the fact that homotopy 
orbits preserve connectivity imply that (sh®ATHH(A[G/— ]))A"* is always (—1)- 
connected. For X = EG{E), (C) is implied by our assumptions on E. And 
finally (D) follows from our assumptions on E[g{BZcH\’L) combined with |LRV03] 
Proposition 1.7 on page 142]. 

A similar argument applies to 




This time the category C is the set of all prime numbers considered as a discrete 
category, and the constant functor pt clearly satisfies assumption (A). 

Next we explain how to drop the assumption that E contains only finitely many 
conjugacy classes. Consider the set J of subfamilies S G E that are finite up to 
conjugacy. Notice that A is a directed poset with respect to inclusion, and that 
E = IJjr S. Appropriate models for EG{£) yield a functor from ff to G-spaces and 
a G-equivalence 


(9.6) 


ho^ohm£'G(£’) — EG{E). 
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Now there is the following commutative diagram, as well as a corresponding diagram 
for THH(A[G])xnpC(A[G];p). 


hocolim^ifG(£) 


+ ^A^C(A[G/-];p)^ 


AG(J-)+^A^C(A[G/- 



asbljr 


hocolim.(asbl£:) 


C(A[G];p) 


Here @ is induced by the equivalence in (9.6 1 and the fact that homotopy colim¬ 


its commute up to isomorphism with smash products over the orbit category, and 
therefore @ is a 7r*-isomorphism. Since the functors 7r*(—) and — (g)z Q both com¬ 
mute with directed (homotopy) colimits, and directed colimits are exact, it follows 
from the argument above that hocolim(asbl£) is injective on 7r„(— )(g)zQ for all 
n < N. Therefore the same is true for asbl^, as claimed. □ 


The proof of the Splitting |Theorem 3.5|is now complete. In fact. Theorems 6.1 


and 9.5 establish more general splitting results than what is needed for the [Main 


[Technical Theorem 1.16] In |Remark 10.2| below we explain why our method of proof 
cannot be used to obtain similar splitting results for topological cyclic homology 
without additional assumptions on the group and the family. 


10. Topological cyclic homology 

Topological cyclic homology of a symmetric spectral category D at a prime p is 
defined as 


TC(D;p) = holim THH(D)'=’j’ 

nGobj 


Here TZJ^ is the category with set of objects N and where the morphisms from m 
to n are the pairs (*, j) € N x N with i+j = m — n. The functoriality in TZF comes 


from the fact that the maps i?, F: THH(D)‘' 


THH(D) 


C„„-i 


commute; see 


diagram (7.121. So we get a functor by sending the morphisms (0,1) to the R- 


maps, and the morphisms (1,0) to the A-maps. By forgetting the i?-maps, we get 
a natural map 


( 10 . 1 ) 


TC(D;p)-aTF(D;p), 


whose target is defined in (9.31. 


Remark 10.2. In general, for D = A[G/S'], there is no i?-map between the fixed 
points of THHjr(A[G/S']); see Warning 7.13| Therefore, without additional as¬ 
sumptions on G and F, we cannot define TCjr(A[G/S'];p) and retraction maps as 
in (9.2), and prove a splitting result for TC analogous to Theorem 9.5 To see why 


our method works for C but not for TC, consider the following diagram, where we 
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use the abbreviation T = THH(A[G'/—]) and E = ES\. 



sh^T'^p—i -^ ^ T^p"-= 


The diagonal maps are the projections to the J^-parts. The vertical maps are 
the inclusions of fixed points E. The commutative diagram O comes from Theo- 
|rem 8.l| where the symbol • —>■ indicates a zig-zag of natural 7r*-isomorphisms, 
and it allows us to deduce splitting results for (sh^T)*^?" from the ones for T; see 


Corollary 8.4 


On the front face, the other horizontal maps are the homotopy fibration sequences 
from [Theorem 7.^ However, notice that in the back, for the J^-parts, the i?-maps 
are missing, and we do not have homotopy fibration sequences. Therefore we cannot 
argue by induction and obtain splitting results for the fixed points , and then 
pass to the homotopy limit to get results for TC. 

On the other hand, since @ obviously commutes, we can pass to the homotopy 
limit over n with respect to the f-maps, and (using the results from |LRV03|) 


deduce splitting results for C from the ones for (sh'^T)'^!’"; see Theorem 9.5 Notice 


that we do not need any compatibility between the squares O and ©, as they enter 
the proof at separate stages. The missing cube on the left and its commutativity 
are not needed in the proof. 

Notice also that if we simply took hofibi? instead of (sh^Tj'^p", we would not 
even obtain the existence, let alone the commutativity, of the corresponding dia¬ 
gram @, since there are no i?-maps for the J^-parts. This shows the importance of 


the point-set model for hofibi? given in Theorem 7.2 


In the case of spherical coefficients A = S, the i?-map splits and the splitting 
induces a map between the J^-parts, but other difficulties arise, as explained in 
[Warning 11.2| 

Finally, we mention that in a separate paper [LRRVlfi we show that under 
additional assumptions on G and E it is possible to fill in the missing i?-maps in 
the diagram above, thus obtaining splitting results for TC, too. 

This remark represents years of discussions among the authors. 


11. Spherical coefficients 

We now analyze the special case D = S[C] for a small category C. In this case, 
the key observation is that the i?-maps split. This result is well known; compare 
|BHM93[ proof of Theorem 5.17, pages 500-501] and |DGM13 Lemma 6.2.5.1 on 
page 245]. We give a proof below to highlight that the splitting is natural in C. We 
then use this fact to construct a zig-zag of natural transformations from TC(S[C];p) 
to C(S[C];p) where the wrong-way maps are all 7r*-isomorphisms. 
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Proposition 11.1. //D = S[C] for a small category C, then the R-map splits, i.e., 
there is a map of W-spaces 

S: THH(S[C])'^*>"-' —^ THH(S[C])'^>’" 

such that R o S = id. The map S is natural in C. The maps S and F commute. 


Proof. We split the map r in (7.10) by a map s that is natural in A G obj W 


and X € objXl'^1. As [g] varies, these maps s assemble to a cyclic map that after 
homotopy colimits and realizations gives rise to S. 

For the tuple of finite sets x = (xq, .. .,Xq) G obj let \x\ = XqU. . .Uxq denote 
the concatenation. There is an orthogonal decomposition of Cpn-representations 

KjCp.] = U(BV, 

where ^[C'pn] denotes the regular Cpn-representation, V = its Cp-fixed 

points and U the orthogonal complement. Since there is an isomorphism of Cp^-sets 
\p'^x\ = Cpn X |a:|, the obvious isomorphism 

cn[q]S{x) = A ... A ^ 

generalizes to a Cp^-equivariant isomorphism 

cnp.[,]S(p”f) ^ 


Using (6.5) the inclusion of Cp-fixed points 


(cnp.^[,]S(p”T)) 
{AAcnpr,[q^S[C]{p'^x))^’’ 
can be identified with the inclusions 


cnp^[q]S(p”f) 

A A cnpn[^]S[C] (p"a;) 


^V'0E[|x|] _^ ^y0]R[|^|] 


ACNpr.qiC)^” AA 


5.c/®r[|T|] _5.y®R(|5-|] ^ cNpr.q{C)+ A A. 

Now in order to split the upper map in (7.10) we extend each Cp»i/Cp-equivariant 
map 

^U 0 R[|x|] _ 

to the Cpn-equivariant map 

^I7®K[|5|] ^ ^U 0 R[|x|] _ 

obtained by smashing with the identity on 
induced from the inclusion CNpr,q{C)^^ —) 


ACAp^q(C)7 AA 


' A 


^11 ACAfp^,(C)+AA 

and composing with the map 
CNpr,q(C). Composing with the home- 


omorphism A in (7.10) we obtain the desired map s. 


□ 


Warning 11.2. As opposed to the case of the i?-maps explained in [Warning 7.13| 
it is in fact possible to define a map 

Sr - TUllr{S[G!S]fp--^ —> THH^(S[G/5'])'='*>" , 

and we have Sjr o F = F o Sjr. However, the diagrams 

THH(S[G/5'])'^p"-i —^ THH(S[G/S'])^^>" 


THH^(S[G/S']) 




S:f 


A THH^(S[G/S']) 


c„ 


-1 
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and 


THH(S[G/5']) ■ 
THH^(S[G/5]) 


FoS 


FoSj^ 


4 THH(S[G/5']) 

jp"^^ 

> THH^(S[G/5]) 


do not commute without additional assumptions on G and J-, not even in the stable 
homotopy category. It seems to us that the commutativity of the latter diagram 
in the case = 1 is used implicitly in the survey |Mad94 proof of Theorem 4.5.2 
on pages 283-284]. The original proof of that theorem |BHM93 Theorem 9.13 on 
page 535] avoids this problem. 

Now consider the following diagram for n > 2. 


c„ 


(sh®®+THH(S[C])) 

’ hocofib(S'„) 

(sh^^+THH(SJC]))‘^'’"“' 



THH(S[C])‘^’’ 




> THH(S[C])‘^p" 


hocofib(S'„_i) 


THH(SJC]) 

gn-i 






4 THH(S[C])‘^ 


S„_i 


Here is the natural map to the homotopy cofiber. BylTheorem 7.2 the sequence 


with pr,^ and i?„ is a stable homotopy fibration sequence. So Proposition 11.1 


implies that the composition o pr,^ is a tt*- isomorphism. As n varies, the maps 
Rn and Sn commute with the inclusions Fn. Therefore there are induced vertical 
maps fn and all the squares in the diagram above commute. Now let 


C'(SJC];p) =holim( 

n>2 ' 


hocofib(S'„) hocofib(S'„_i) —■ ■ ■) ■ 

C'(S[C];p) such that the compo- 


Then the maps qn induce a map TF(S]C];p) 
sition 


(11.3) 


C(S(C];p) ^ TF(S[C];p) ^ C'(S(C];p) 


is a natural 7r*-isomorphism. 

Hence we get a zig-zag of natural transformations of functors Cat - 
(11.4) TC(S[C];p) ^ TF(S[C];p) ^ C'(S[C];p) C(S(C];p), 


WT 


where the first map comes from (10.11 and the last map is the natural 7r*-isomor- 
phism (11.31 above. The natural map induced in the stable homotopy category by 
the zig-zag (11.41 is denoted a. 

The rest of this section is devoted to the following result, which generalizes from 
groups to arbitrary small categories a fundamental theorem due to |BHM93 The¬ 
orem 5.17 on page 500]; see also |Rog02 Theorem 1.16 on page 885] and DGM13 
Section 6.4.2.3 on pages 259-261]. 
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Theorem 11.5. For any small category C and any prime p, in the stable homotopy 
category there is a homotopy eartesian square 


( 11 . 6 ) 


TC(S[C];p) 

pr 


A C(S[C];p) 

pr 


THH(S[C]) THH(S[C]). 


Proof. The proof in |BHM93, Section 5] can be made more precise with our point- 
set models for all the relevant spectra and maps. In detail, from Proposition 11.1 
and [Theorem 7.2|we get inductively 7r*-isomorphisms 


Pn : (sh^T)'^^’* V (sh^T)*^*’"-' V- • -V (sh^T)'^*’ V THH(S[C]) —^ THH(S[C])'^^" , 
where we use the abbreviation sh^T = sh^'®+THH(S[C]). Here pn is the sum 


of the maps S’""™ o pr^: (sh^T)'^» 

S'": THH(S[C]) —^ THH(S[C])'^*’". 

Moreover, the following diagrams commute. 


THH(S[C])'=^'>" for 1 < 


< n and 


(sh^T)'^’’" V (sh^T)""^"-' V - • • V (sh^T)'"’’ VTHH(S[C]) 


■^Err\\ —1 


Err\\ ^ 


-A THH(S[C])^ 




(sh^T)*^^"-'V---v(sh^T)'"’’VTHH(S[C]) THH(S[C])‘^p 


^Err\\ 


\ I 

^oi 


pr^oFi Fio5i 


1 


(sh^T)*^^" V (sh^T)*^^"-' V - • • V (sh^T)'^’’ VTHH(S[C]) 


-A THH(S[C])^ 


I K 
id id 
-i' / 

_Frp\^p'n. —1 , 


I a: 
id id 
-i' / 


I \ 

id id 
>^/ 


(sh^T)""^"-'V---v(sh^T)‘^’’vTHH(S[C]) THH(S[C])'^p"-i 


The downward vertical map on the left in the second diagram projects the first 
summand to the base point. 

For each n > 1 consider the following commutative diagram in WT, with hori¬ 
zontal stable homotopy (co)fibration sequences. 


THH(S[C]) 



A THH(S[C])‘^»"+i- 

Rn + 1 


-A hocofib 

^Tl+1 


-A THH(S[C])‘^ 


-A THH(S[C]) 




-A ho cofib (S") 


I 


-A hocofib (S") 




^ THH(S[C]) 


1 


hocofib (S" 
































46 


WOLFGANG LUCK, HOLGER REICH, JOHN ROGNES, AND MARCO VARISCO 


Passing to homotopy limits over the i?-maps, we get another commutative diagram 
with horizontal stable homotopy fibration sequences. 

THH(S[C]) TR(S[C];p) -> hocofib(S'°°) 

FioSi F 


THH(S[C]) TR(S[C];p) 


A hocofib(S'°°) 


Here 


TR(S[C];p) = holim(' 

riGN ' 


THH(S[C])‘^ 


THH(S[C]) 


c „_i 


is defined analogously to TF(S[C];p), replacing the Frobenius F-maps with the 
restriction i?-maps; compare ( |9.3[ ) and [HM97 (20) on page 56]. Taking homotopy 
fixed points for the vertical self-maps, or equivalently their homotopy equalizers 
with the identity maps, gives the stable homotopy fibration sequence 

hoeq(id, Fi o Si) ^ TC(S[C];p) ^ hoeq(id,F). 

Here we use the well known equivalent ways to compute homotopy limits over 77.F; 
e.g., see |DGM13 Section 6.4.2.1 on pages 255-256]. 

The 7 r*-isomorphisms induce compatible 7 r*-isomorphisms 

: (sh^T)'=''>" V • • • V (sh^T)'^'^’ —^ hocofib(S'") 
with homotopy limit 

: holm((sh^T)'=’*’" V • • • V (sh^T)*^^) —^ hocofib(S'°°), 
and the inclusion of wedge sums into products induces a tt*- isomorphism 

OO 

holim((sh®T)'^*>" V • • • V (sh^T)'^*’) —^ H (sh^T)'^*’’' , 

riGN 

such that F corresponds to the product of the Fii (sh®T)'^p" —(sh^T)^p"“F 
Hence we have a natural zig-zag of 7 r*-isomorphisms between the target hoeq(id, F) 
of a and 

hoeq(id, n^Fi,) = holim (sh^T)'^*’" ~ C(S[C];p), 

n>l 

by the usual model for a sequential homotopy limit. 

So far, this argument follows BHM93] Section 5], and establishes the left-hand 
vertical homotopy fiber sequence of (5.19) on page 502 in that paper. To construct 


the homotopy cartesian square (11.6), an additional argument is needed, which we 
now describe. 

Restricting the homotopy limit defining TC(S[C];p) to the full subcategory of 
TZF generated by the objects {0,1} C N, we get the middle vertical map in the 
following commutative diagram in WT. 


(11.7) 


hoeq(id, Fi o Si) 


hoeq(id, Fi o Si) 


Si 


-A TC(S]C];p) - 

res 

A hoeq(i?i,Fi) 


-A hoeq(id,F) ~ C(S]C];p) 

i 

A hocofib(S'i) ~ (sh^T)C’*> 


The right-hand vertical map factors in the canonical way through hocofib(S'°°). The 
left-hand lower map is induced by Si: THH(S]C]) —>■ THH(S[C])‘^p and the iden¬ 
tity on THH(S]C]). The right-hand lower map is induced by qi : THH(S[C])‘^!’ —> 
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hocofib(S'i) and THH(S[C]) —> pt. Hence the lower row is a stable homotopy fi- 
bration sequence, and the right-hand square is homotopy cartesian in WT. 

In the stable homotopy category, hoeq(i?i,Fi) is isomorphic to hofib(Fi — i?i), 
and Fi — Ri corresponds under pi and po to the difference of pi^oFi + Fio Si and 
0 -I- id, which equals the difference of pr^oFi -1- 0 and 0 -I- (id—Fi o 5'i), as maps 
(sh^T)‘^'> V THH(S[C]) —^ THH(S[C]). Hence hofib(i^i - Ri) is also isomorphic 
to the homotopy pullback of these two maps, and we have a homotopy cartesian 
square 


( 11 . 8 ) 


hoeq(i?i,i^i) 

Ri 


THH(S[C]) T 


— -^ (sh^T)C'*> 

^pr.oFi 

> THH(S[C]) 


id —FioSi 


in the stable homotopy category. 

Now combine the homotopy cartesian squares in (11.7) and ( 11.8[ ). The com¬ 
position i?i ores is the canonical projection pr: TC(S[C];p) —> THH(S[C]), and 
the composition hoeq(id, hocofib(S'i) ~ (sh^T)‘^p —>• THH(S[C]) corre¬ 

sponds to the canonical projection pr: C(S[C];p) —>■ THH(S[C]). So we obtain 
the asserted homotopy cartesian square (11.6). □ 


The following easy consequence of [Theorem 11. 5] is very important for the proof 
of the Detection ITheorem 3.61 

Corollary 11.9. If G is a finite group, then the map 

(11.10) (pr,a): TC(S[G];p) —^ THH(S[G]) x C(S[G];p) 

is -injective and a ir'^-isomorphism for all n > 1. 


Proof. Apply [Theorem 11.5 to C = G and consider the Mayer-Vietoris sequence 
coming from the homotopy cartesian square (11.6). From Example 6.16 we know 


that 7r„(THH(S[G])) 02 Q = 0 for all n > 1 if G is finite, and the claim follows. □ 


Remark 11.11. In fact, it can be shown that the map (11.10) is not 7r_j^-injective. 


12. EQUIVARIANT homology THEORIES AND CHERN CHARACTERS 

In this section we review the notion of an equivariant homology theory and a 
very general way of producing examples; see Theorem 12. 2[ Next we recall under 
which conditions equivariant Chern characters can be used to compute rationalized 
equivariant homology theories; see [Theorem 12.7 and Addendum 12.13] These 


results are key to the proof of the Detection Theorem 3.6 in Section 16 


Given a group G, a G-homology theory is a collection of functors "H®, one for 
every n G Z, from the category of G-CW-complex pairs to abelian groups, satisfying 
the obvious G-equivariant analogues of the familiar axioms in the non-equivariant 


setting; see 


Luc02 


Section 1, pages 197-198]. An equivariant homology theory 


is a collection of G-homology theories Rf, one for every group G, together with 
induction isomorphisms 
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for every group homomorphism a: H — > G and every _ff-CW-complex pair {X, A) 
on which kera acts freely. The induction isomorphisms are required to be func- 
torial in a and to be compatible with conjugation and boundary homomorphisms; 
see |Luc02 Section 1, pages 198-199]. 

The following result provides a framework for constructing equivariant homology 
theories. Recall the action groupoid functor Gf—: Sets*^ — > Groupoids from 
jSubsection 4C| Recall also that, given a functor E: OrG —NSp, its continuous 
left Kan extension E% : Top*^ —NSp along the inclusion OrG ^ Top*^ is defined 
as follows. For any G-space X let E(%(df) = X^ AorG E be the coend of the functor 

(OrG)°P X OrG ^ NSp , {G/H, G/K) ^ X^ A E(G/K); 

compare [Subsection 4E| 

Theorem 12.2. Let E: Groupoids —NSp be a functor. Assume that E pre¬ 
serves equivalences, in the sense that E sends equivalences of groupoids to tt*- 
isomorphisms. For any group G, consider the composition 

OrG > Groupoids NSp , 
and for any G-CW-pair (X,A) define 

H^iX,A;-E) = ^*(E(G/-)%(XM)) = ^A^E(G/-)) . 

Then ilj(— ;E) is an equivariant homology theory. 

Proof. This is proved in |LR05 Proposition 157 on page 796]. We explain here in 
a more conceptual way how the induction homomorphisms (12.1 1 are defined. Let 
a : FI — > G be a group homomorphism. Define a functor ind^ : OriJ —> OrG by 
Fl/K I— G/a{K). Consider the following diagram. 


OrH 


A Top 


H 



Here a is the natural transformation defined in (14.91, and u is the natural isomor¬ 


phisms G Xh H/K = G/a{K). Then we get the following natural transformations 
of functors Top^ —NSp 

E(i7/-)% ^ E(G/ind„ -)% E(G/-)% o ind„ . 

The first natural transformation is induced by a, the second one by the version of 
[Fact 13.^ for topological categories. Passing to homotopy groups, the composition 
of these natural transformations defines the induction homomorphisms (12.11. 


□ 


Next we want to recall some of the main results of |Luc02 about equivariant 
Chern characters. We first introduce some more notation. 

Let FLI be an equivariant homology theory. Given a group G, consider the 


category SubG(J^m) defined right after Theorem 1.1 Then for any n S Z we get a 
functor 

(12.3) H^{G/-) : SubG(J-m) ^ Ab , n^{G/H ); 
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compare |Liic02 paragraph after Lemma 3.7 on page 207]. If 77* = ;E) 

for some functor E: Groupoids —>■ NSp as in jTheorem 12.2] then this is also 
proved in |LRV03| Lemma 3.11 on page 152]. Notice that in this case we have 
i7f(G/iJ;E)- 7r*E(i7), where we identify any group H with the groupoid H /pt. 

We denote by FinGroupsInj the category of finite groups and injective group 
homomorphisms. Given any equivariant homology theory "H* and any n € Z we 
get a functor 


(12.4) 


M*: FinGroupsInj 


Ab. 


Gi—^7i^(pt) 


where for every injective group homomorphism a : H —> G we define M (a) as the 
composition 

(12.5) M^H) = (pt) ^ H^{G/a{H)) = M,{G). 

Notice that, if Til = i7j(—;E) for some functor E; Groupoids —^ NSp as in 
ITIieorem 12.2] then the functor M* coincides with the composition 

(12.6) FinGroupsInj '—Groupoids NSp > Ab , G i —> 7r„E(G). 

A Mackey functor consists of a pair of functors 


M*: FinGroupsInj —!• Ab and M* : (FinGroupsInj)”^ —>• Ab 


that agree on objects, i.e., Mf,{G) = M*{G) for every finite group G, and that 
satisfy the following axioms. 

(i) If a: G is an isomorphism, then M*{a) is the inverse of M^(a). 

(ii) If a = conjg: G —> G, x i —> gxg~^, for some g G G, then 

M*(conjg) = idM(G) ■ 

(iii) (Double coset formula). If H and K are subgroups of G, let J = K\G/H. 
For every j G J, choose a representative gj G j = KgH, and define Lj = 
H n gJ^Kgj and Cj = conj^^.: Lj —> K. Then 


We say that an equivariant homology theory T-Cl has a Mackey structure if, for 
every n G Z, the functor defined in ( 12.4] ) and (12.5) extends to a Mackey functor. 

A fundamental example of a Mackey functor is the Burnside ring A; see for 
example |tD^ (2.18) on pages 18-19]. For every finite group G, A(G) is the 
Grothendieck ring of the set of isomorphism classes of finite G-sets, with addition 
given by the disjoint union and multiplication given by the cartesian product. As an 
abelian group, A(G) is the free abelian group with basis given by the isomorphism 
classes of the orbits G/H. There is an injective ring homomorphism 


^g:A{G)^ JJZ, 

(H) 


where the product is indexed over the conjugacy classes of subgroups of G. The 
composition of tpc with the projection to the factor indexed by the conjugacy class 
of a subgroup H maps S to the number of elements in the i7-fixed point set. 

Moreover, tpcGzQ is an isomorphism. Now let ea G be the idempotent 
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that corresponds to the factor indexed by the conjugacy class (G). We then define 
the idempotent 

0g=(‘/5g|Q) \eG0l) G A(G')|Q 
in the rationalized Burnside ring of G. 

The Burnside ring A has a natural action on any other Mackey functor M, in the 
precise sense of |Luc02 Section 7, pages 222-223]. In particular, the idempotent 
©G G A{G) 02 Q acts on M{G) (8)zQ for every G. 

We are now ready to formulate the following result. 


Theorem 12.7. Keep the notation and assumption of \Theorem 12.^ Assume that 
the equivariant homology theory i7j(—;E) has a Mackey structure, i.e., for every 
n G Z the composition (12.61 extends to a Mackey functor. Then for every proper 


G-CW-complex X there are isomorphisms 

0 0 Hs{X^lZGH-i 




5t(i7;E) 


( 12 . 8 ) 


0 H,{X-IZG-f 


s-\-t—n 


® (7r(E(-)(g)Q') 


Q[Su.bG(F'm)] 


H°{x-^)®q. 

z 

Their composition ch = c o h is called Chern character. Both h and c are natural 
in X, and h respects the outer sum decompositions. Here, for every finite subgroup 
H ofG, 


(12.9) 


S't(i7; E) = coker 0 FtE(i^) 


\ K<H 


7riE(i7)( 


Moreover, for every finite cyclic subgroup G of G there is a natural isomorphism 
(12.10) 5t(C;E) ^0c(FtE(C)|Q). 


Proof. The existence of a Mackey structure implies that 7rtE(—) 02 Q is a projective 
and hence fiat Q[SubG(J^m)]-module by |Luc02 Theorem 5.2 on page 216]. The 
same theorem together with |Luc02] (2.12) on page 205] yields the isomorphism h. 
We remark that the definition of h depends on choices |Luc02] (2.10) on page 204], 
and so /i is a priori not natural in E. 

The map c is constructed in |Luc02 Section 4, in particular Lemma 4.3(b) on 
page 211]. It is defined for any equivariant homology theory, and its definition 
only depends on the induction structure (no choices). The flatness condition above 


allows to interchange homology and tensor product in the source of c. Then Luc02 


Theorem 4.4 on page 213], together with the isomorphism at the beginning of that 
proof, implies that c is an isomorphism. 

Finally, the isomorphism (|12.10 ) is proved in |LR06 Lemma 7.4 on page 622]. □ 
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Example 12.11. If X = EG{F) for a family F of finite subgroups of G, then the 
maps 

EG(F)^/ZgH <— EZgH X EG(F)^ —^ EZgH/ZgH 

ZgH 

induce an isomorphism 


H,{EG{F)^/ZgH- q) ^ H^^EZgH-M) ; 

compare LRV03 proof of Lemma 8.1 on page 164]. Under the Chern character 
isomorphisms (12.81, an inclusion C of families of finite subgroups induces 
the inclusion of the summands indexed by [El) € F , which in particular is always 
injective. 


Example 12.12. If R is an arbitrary discrete ring and E = K-°(i?[G'/—]), then 
St{H; K-°(i?[G/—])) = 0 for any t > 0 and any non-cyclic finite subgroup H of G 
by |LR06[ Lemma 7.2 on page 621]. In particular, the inclusion FCyc C Fin induces 
an isomorphism 


H^{EG{FCyc);K^°{R[G!-]))m ^ {EG{Fin)-K^°iR[G!-])) . 

Next we investigate the naturality of jTheorem 12.7| in the functor E. Because of 
the subtleties explained in jRemark 15.4] we also need to consider natural transfor¬ 
mations that do not necessarily respect the Mackey structures. 


Addendum 12.13. Keep the notation and assumption of \Theorem 12.^ Con¬ 
sider another equivalence-preserving functor E': Groupoids —> NSp and a natu¬ 
ral transformation r: E —> EL Assume that both 77^ (—;E) and i7^(—;E') have 
Mackey structures. 

(i) The induced homomorphism 

77^(A;r)®Q: E) ® Q ^ E') ® Q 

z z z 


is compatible with the isomorphisms c in ( 12 . 8 ), even when r does not respect 
the Mackey structures. 

(ii) If T induces a natural transformation of Mackey functors, then there are 
choices of the maps h in ( 12 . 8 ) for which is compatible with 

the isomorphisms eh = c o h for any FCyc-G-CW-complex X. 

(Hi) If T induces a natural transformation of Mackey functors, and the homo¬ 
morphism 7rtE(G)(8)zQ —t TtE'(G) 02 Q is injective for all finite cyclic 
subgroups G of G and all t G Z, then 77 ^ ( A; t) Giz Q is injective for any 
FCyc-G-CW-complex X. 


Proof. First of all, notice that r induces a natural transformation of equivariant 
homology theories 77‘^(—; E) —> 77‘^(—; E') which is compatible with the induction 
structures. Therefore it induces a natural transformation between the functors 
SubG(Am) —>■ Ab defined in ( 112.3]). Since the definition of the map h only 
depends on the induction structure, (i) follows. 

Furthermore, since also definition ( |12.9 ) only depends on the induction structure, 
T always induces a map S't(77;E) — St{II-,'E'). Now assume that A is a FCyc- 
G-CW-complex X. Then in the source of h we only have to consider finite cyclic 
subgroups H = G, and in this case we have the isomorphism (12.10). 
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If we additionally assume that r induces a natural transformation of Mackey 
functors, then we get a commutative diagram 


0c(7riE(C)|Q) «-^ 7rtE(C)|Q -» ^t(C,E) 


(12.14) 


0c(7rtE'(C)( 


A ^iE'(C)(g)Q -» St{C,E') 


for any finite cyclic subgroup C. The composition of the horizontal maps is an 
isomorphism. The inverse of this isomorphism, followed by the inclusion of the 
image of 0c, then gives compatible choices of the sections needed in |Luc02[ (2.10) 
on page 204] to define the map h. This proves [(iij| 


Diagram (12.14) also shows that the two vertical maps on the outside are injective 


provided that the one in the middle is injective. Then (iii) follows because the Weyl 


group WqH is finite for every finite group H, hence Q[WgH] is semisimple, and 
the functor M (8)Q[WGLf] ~ preserves injectivity for every M. □ 


13. Enriched categories of modules over a category 

The goal of this technical section is to show that the formalism of modules 
over a category (for example, see |Luc89 Section 9, page 162]) extends to the 
enriched setting. For our main applications in the following sections, it would 
be enough to consider spectral categories only. But since we actually need two 
different models of spectral categories (with enrichments in either SSp or TiS*), and 
since the proofs are not any easier in these special cases, we proceed in complete 
generality. In the case of pre-additive categories, the constructions in this section 
can be simplified, because products and coproducts are the same. Since this is not 
the case in categories of spectra, we resort to machinery from enriched category 
theory, which we now recall. The standard modern reference for this material (and 
much more) is |Kel05 


Fix a closed symmetric monoidal category (V,©,1); compare Subsection 4D 


We always assume that V is both complete and cocomplete, as in all the examples 
in l4D| We denote by V-Cat the 2-category of small V-categories, V-functors, and V- 
natural transformations. To distinguish between V-categories and Sets-categories, 
we call the latter ordinary categories and denote them C, V, ..., whereas we use 
the symbols 1^, ... to denote V-categories. 

Let 

V = V(l,-): V —^ Sets 

be the underlying set functor. Notice that in some of our examples (Cat, SSp, 
FiS*) the functor V is neither faithful nor conservative. Since we are assuming that 
V is cocomplete, V has a left adjoint 


![-]: Sets —^ V, 


1]5]=U1. 

s 


Both functors 1 and V are lax monoidal, and base change along them (see Subsec¬ 


tion 4D I induces a 2-adjunction 


V-Cat 


Cat: 


![-] 


compare |Kel05 Section 2.5 on page 35]. 
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We make extensive use of the V-categories of functors V-fun(l[C], ^), where C 
is an ordinary small category, and ^ is a V-category. To simplify the notation 
we simply write V-fun(C,^) in this case, and this V-category can be explicitly 
described as follows. The objects are precisely the functors from C to the underlying 
category VS", i.e., obj V-fun(C, = obj fun(C, Given two such functors 

X and Y, the V-object of morphisms from X to T is defined as the end in VV of 
the functor 

c°p X c jr°p X V3(: VV. 

Notice that 


(13.1) V(V- fun(C, ^)) ^ fun(C, VlT). 

Given a functor a: C —> V, the functor reSa: fun(I?, —> fun(C,V.^) 

given by restriction along a is clearly a V-functor 

(13.2) reSo,: V- fun(I?, —>• V- fun(C, ^). 


Now assume that ^ is V-complete and V-cocomplete, which is equivalent to 
assuming that is V-tensored and V-cotensored and that the underlying cate¬ 
gory V^ is complete and cocomplete; see |Kel05 Theorem 3.73 on page 54]. Then 
the assumptions on ^ imply that the left Kan extension along a 


haiia : fun(C, V fun(I?, V 


X 


(d i-A T>(a(-), d) (g)X(-)^ 


exists and agrees with the V-enriched left Kan extension, and therefore defines a 
V-functor 

Lauo,: V- fun(C, .^) —>■ V- fun(I?, JT) 

which is left 2-adjoint to the V-functor reSo, in (13.21; compare |Kel05 second 
paragraph on page 50]. 

Next, we recall some basic facts about Kan extensions that are needed later. The 
first two are well-known, and the third is also used in |RV16 proof of Proposition 8.3 
on page 1528]. 


Fact 13.3. Given functors a: B —> C and /3: C —> V, then there is a natural 
isomorphism Lan^oa — Lan^ oLanc,. 


Fact 13.4. If a is an equivalence of categories, then there are natural isomorphisms 
reSa Lana = id and Laua reSa = id. 


Fact 13.5. Gonsider a diagram 

A B 





VSB 


where Vl, B, C, and V are ordinary small categories, and let u be a natural trans¬ 
formation from dy to 13a. Then u induces a natural transformation 
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as we proceed to explain. For a functor 6: C —>■ V define 

Vs : C°P X V — Sets, (c, d) i-A V{5{c),d) , 

sV : V°^ X C —Sets, (d, c) i-a V{d, S{c)) . 

Notice that by Yoneda Lemma, for any functor Y : V — > V^, we have resj Y = 
sV Y. Recall that Lan^ X = Vs X. 

Therefore we have 


Lauc res^ X = Ba® {-yC ®X) = (Ba® -yC) ® X , and 
A C ' ^ A C 

res /3 Lan^ X = pV®{Vs ®X) = (^pV ® Vs) — p'^s ® X . 
Now let V be the composition 


U : Ba® ^ pVpa ® paT^S - pT^ ®Vs= pVs 

A A V 

where the first map is induced by the functors (3 and 6 together with the natural 
transformation u. Then define by applying — ®c X to V and using the isomor¬ 
phisms above. Furthermore: 

(i) If 17 is a natural isomorphism of functors C°p x B —Sets, then u* is a natural 
isomorphism of functors B —> V PXP, natural in X. 

(ii) If OL and b are equivalences of categories and u is a natural isomorphism, then 
Vtf is an isomorphism. 


Proof, (i) follows directly from the construction, (ii) follows from (i) by observing 


that the assumptions imply that u is an isomorphism. Notice also that [Fact 13.^ 
follows from (ii) □ 


Now fix also a monoid A in V, or in other words, a V-category with exactly 
one object. Let A-Mod be the V-category of modules over A, and notice that 
A-Mod = V-fun(A, V). Notice that A-Mod is V-complete and V-cocomplete; see 
for example Proposition 3.75 on page 54]. Therefore the discussion above 

about left Kan extensions applies to functors with values in A-Mod. 


Definition 13.6 (A-modules over C). Given an ordinary small category C, define 

^a{C) = V-fun (C, A-Mod) 

to be the V-category of V-functors from C to the V-category of A-modules. The 
objects of this category are called A-modules over C. 

Next, we want to define what it means for an A-module over C to be free and 
finitely generated. Notice that for the underlying category of we have 

V./#a(C) — fun(C, V(A-Mod)) 


by (13.11. There are two pairs of adjoint functors 
VA-Mod < "" > VV 


V 


Sets 


![-] 

where the left adjoints are displayed at the bottom, and they induce adjoint functors 
between the ordinary functor categories 


fun(C, VA-Mod) 


5-). 


fun(C, VV) 


(![-]). 


fun(C, Sets). 
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We use the abbreviation A[W] = A © 1[X]. Furthermore, the inclusion l 
discrete subcategory obj C into C induces another pair of adjoint functors 

fun(C,Sets) ^ ^ fun(obj C, Sets), 

where the left adjoint L is defined as follows. Any X G obj fun(obj C, Sets) 
a collection {A(c)}cGobjc of sets indexed by the objects of C. The functor 
then defined as 

LX= U UC(c,-). 

cGobj C X(c) 

Composing these functors gives an adjunction 

fun(C, yA-Mod) ^ ^ fun(obj C, Sets). 

F 

Notice that, given X as above, then FX is isomorphic to 
(13.7) U UA[C(c,-)]. 

cGobj C X (c) 

Definition 13.8 (Finitely generated and free A-modules over C). If M € obj 
is an A-module over C, we say that M is free if it is isomorphic in V = 
fun(C, yA-Mod) to FX for some X G obj fun(obj C, Sets), and it is finitely gener¬ 
ated free if X (c) is finite for all c G obj C and nonempty only for finitely many c G 
objC. We let 

^a(C) 

be the full V-subcategory of whose objects are the finitely generated free 

modules. 


of the 


is just 
LX is 


Example 13.9. There is a V-functor A[C] — > c i— > A[C(c, —)]. 

Since V has all coproducts, the same is true in A-Mod, and therefore also 
in ./^a(C), as coproducts are computed objectwise in functor categories. The co¬ 
product of two finitely generated free modules is again finitely generated free by 
inspection, and therefore also ^k{C) has all finite coproducts. Notice that if C is 
small, then ^h{C) has a small skeleton. 

Now let a: C —> I? be a functor. The left Kan extension along a gives a V- 
functor Lane,: ./#a(C) —> By inspection, one verifies that Lane, restricts 

to a functor 


(13.10) 


^a(C) ^ .^a(I?) 


and that it preserves coproducts. In fact, if M S obj is isomorphic to (13.7) 

for some X G obj fun(obj C, Sets), then 


^A(a)(M)9t U U UA[I?(d,-)]. 

dGobjFcGct ^(d)X(c) 


(13.11) 

Since Kan extension are functorial up to natural isomorphisms, in the sense of 


Fact 13.3 we get a pseudo-functor 

.^a: Cat—^ V-CAr°P^ 

where we denote by V-CAT'^°p'^ the 2-category of skeletally small V-categories with 
finite coproducts, coproduct preserving V-functors, and V-natural transformations. 
For the definition of pseudo-functor, see for example Bor94 Definition 7.5.1 on 
pages 296-297]. 
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For the applications in the next section, it is necessary to work with small cat¬ 
egories, not just skeletally small ones, and with functors, not just pseudo-functors. 
This can be achieved as follows. First, choose a functorial coproduct in A-Mod. 
Then, let ^^{C) be the small full subcategory of ^a{C) whose objects are precisely 
the ones in (13.71. Finally, using (13.11), it is clear how to define ^^{a) in order 


to get a strict functor 

Cat ^ V-CQt“P^ 

where is the full subcategory of the small V-categories with finite co¬ 

products. In order to simplify the exposition, we do not distinguish between the 
equivalent constructions ^-nd in the next section. 


14. Constructing homology theories with Magkey strugtures 


The main result of this section, [Theorem 14. 2[ gives a very general procedure 
to construct equivariant homology theories with Mackey structures. This is used 


in Section 15 to construct the main diagram (3.1) and show that the results of 
[Section 12| apply. A special case of[Theorem 14.2 for additive categories was proved 


in |LR06 Proposition 6.5 on page 620]. 

As in the previous section, we fix a closed symmetric monoidal category (V, ©, 1) 
and a monoid A in V. We assume that V is complete and cocomplete. We denote 
by V-CQt'^°P‘^ the category of small V-categories with finite coproducts. 

Let T; V-CaC°P“^ —>■ NSp be a functor; see Example 14.3 below. For any 
group G, we consider the composition 


(14.1) 


OrG' 


Sets 


G Gf- 


> Groupoids V-Cat^P"^ NSp 


and the corresponding G-homology theory TJ^a) from Theorem 12.2 Here 


^A is the restriction to Groupoids of the functor constructed at the end of the 
last section, which sends an ordinary small category to the V-category of finitely 
generated and free A-modules over it. We can now state the main result of this 
section. 

Theorem 14.2. Let T: V-CaV°P'^ — > NSp he a functor. Assume that T pre¬ 
serves equivalences and products, in the sense that T sends equivalences to tt*- 
isomorphisms and the natural map x — > T(,^) x T(i^) is a TT,^-isomor- 

phism for all and ^. Then the equivariant homology theory H;^{—',T.^a) has a 
Mackey structure. 


Example 14.3. Examples of functors T that satisfy the assumptions of Theo- 
[rem 14.2] are given by the composition 


r5*-CQt“P'' —^ SpmMonF5*-Cat ^ NSp , 
where the first functor is the evident inclusion and the second is the algebraic 


AT-theory functor from (15.2), and by 


ESp.-Cat^P’^ 
where the first functor is the forgetful one. 


ESp^-Cat NSp , 


In order to prove [Theorem 14.2] we analyze the composition 
Sets*^ —> Groupoids — > V-CqV°p'^ 
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through which (14.11 factors, 
and guide our intuition. 


The following examples illustrate this construction 


Example 14.4. For any subgroup H of G, ^a{GJ{G/H)) is equivalent to the 
V-category of finitely generated free A[il]-modules. 


Example 14.5. Consider the special case (V,©,1) = (Sets, x,pt) and A = pt, 
and notice that then pt-Mod = Sets. Then for any G-set S the categories 

^ptiGfS) and Setsf^f.free i S 

are equivalent, where Sets®ff,.gg S' is the comma category of cofinite and free 
G-sets over S. 

To see this, consider first the category ^pt{GJS). There is an equivalence of 
categories 

(14.6) ^pt(GfS) —^ Sets*^ i S, 


sending a functor X: GJS —> Sets to the G-set together with the 

obvious G-map to S sending any x G X(s) to s. In the opposite direction, a G-map 
p: T —S is sent to the functor s i-A- p“^({s}). 

It is then easy to see that the equivalence of categories given by (14.6) induces 
an equivalence between ^pt{GfS) and Sets^ff^gg. 


We now establish a couple of preliminary results. The first one follows immedi¬ 
ately from the definitions. 


Lemma 14.7. For any group G and any pair of cofinite G-sets Si and S 2 there is 
a natural isomorphism of V-categories with coproducts 

p: ^A(Gf{Si n ^ 2 )) ^ ^A(GfSi) X ^A(GfS2) ■ 

Lemma 14.8. Under the assumptions of \Theorem 14-^ for any group G and any 
cofinite G-set S there is a natural isomorphism 

H^{S-,T^a) = 7t,{T^a{G!S)) . 

Proof. Recall that, by construction, H^{S; TU^a) = tt* ((T.^a(G/—))%(S')), where 
(T.^a(G/—))% is the continuous left Kan extension of ( pit along the inclusion 
OrG ^ Top*^. Choose an isomorphism /: S —>■ G/Hi 11 • • • 11 GjHg. We then get 
the following maps. 


(T.?»(G/-))„(S) ^ (T.?*(G/-)),j(G/H,U--.UG/H,) 

T.^A(G/(G/ili)) V • • • V T.^A(G/(G/il,)) 


t.^a{G!S) -^—> T.^A(G/(G/iii n • • • n g/h,)) 


T(.^A(G/(G/ili)) X ••• X .^A{Gf{G/Hi))) 

i® 

T.^a(G/(G/7Ji)) X • • • X T.^A(G/(G/il,)) 
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The horizontal isomorphisms are induced by /. The isomorphism © follows from 
the fact that the discrete category with I objects given by the inclusions G/Hi —>■ 
G/Hi n • • • n G/Hi is cofinal in OrG j, {G/Hi 11 • • • 11 G/Hg). The maps ® and ® 
are the natural ones induced by functoriality, and @ is induced by the isomorphism Lp 


from Lemma 14.7 We are assuming that ® is a 7r*-isomorphism. The composition 
®o@o@ is the natural map from the finite coproduct to the product in NSp, which 
is also a 7r*-isomorphism. So we conclude that @ is a 7r*-isomorphism, proving the 
result. □ 


Now consider a group homomorphism a : H 
functor 


G. For any H-set S there is a 


(14.9) 


a: HfS —^G/ind„ 5, 


defined on objects by s i—>■ [l,s] and on morphisms by ft, i-A a{h). On the other 
hand, for any G-set T there is a functor 

a: HJreSaT —^ GJT, 

which is the identity on objects and a on morphisms. 

Using a we define 


(14.10) 


Inda = Lan^ : ^^{HfS) —)■ ^A(G'/inda S) 


as in (13.101. On the other hand, restriction along a defines a functor 
RbSq, =resQ,: ^^{GJT) — > JreSaT). 

If we assume that a is injective and ^{G/a{H)) < oo, then ReSa yields a functor 
(14.11) Resc = res„ : ^A(G/r) —^ ^AiHfveSa T). 


These induction and restriction functors (14.101 and (14.111 for cofinite equivariant 


sets satisfy the following double coset formula. 

Lemma 14.12 (Double coset formula). Let H and K be subgroups of G with 
ff{G/K) < oo, and let a: H —> G and b: K —> G be the inclusions. Let J = 
K\G/H. For every j S ff, choose a representative gj € j = KgH, define Lj = 
H n gJ^Kgj, and let dj: Lj —> H be the inclusion and Cj = conj^^.: Lj —> K. 
There is a commutative diagram 



whose inner and outer squares are pullbacks, where we write a, b, dj also for 
the maps of orbits induced by the inclusions, and Cj: GjLj —> GjK sends xLj 
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to xQj ^K. Then, for any cofinite H-set S, the diagram 


(14.13) 


n -^KiLjJreadj S) 

jej 


(Resd ) 




n Indc 


Inda 


commutes up to natural isomorphism, where 
w: ]J indcj. res^^- S - 


-A n -^AiKfindc^j resdj S) 
■^aIkI U indc^- reSd, s) 

^ lej ' 

•^a{K f rest inda S) 


Res fa 

-A ^A(G/ind, S) 


resb inda S 


is the natural K-isomorphism sending [fc, s] S indc^ res^^ S' = K resdj S to 
[kgj,s] € reSb inda S = reS(,(G Xjj S), and ip is the natural isomorphism from 
\Lemma IJ^.l 


Proof. First of all, notice that ff is finite since ff{G/K) < oo. Notice also that 
Lj and hence Cj an d dj d epend on the choice of representative. It is enough to 
prove that diagram (14.131 commutes up to isomorphism after composing with the 


projection from the top right corner to each factor .^a{K /indc^ resd„ S). Consider 
the following diagram. 


Ljfresd. S 


(14.14) 


HfS 




-A Kfindc^j resdj S 

f if/inclj 

KJ U indc^. resdj S 

Kfw 

Kfiesbinda S 

b 

-^ G/inda S 


Diagram (14.14) does not commute. Given s £ reSd S, the composition through 


the left bottom corner sends s to [l,s], the composition through the top right 
corner sends s to [gj, s]. So there is a natural isomorphism v = gj in the indicated 
direction. Notice that the functors a and cJ are equivalences of categories. Now 


apply Fact 13.5 and the definition of the functors in diagram (14.13) to obtain the 
result. □ 


We are now ready to prove the main result of this section. 


Proof of \Theorem 14-^ The map (12.5) corresponds to the one obtained by apply¬ 
ing 7raT(-) to 


^A(i^/pt) ^ =^A(G/ind„ pt) ^^(G/pt). 
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We have to show that this extends to a Mackey functor. The contravariant functo- 
riality is induced by 


^A(G/pt) ^ =^A(-ff/pt) . 

To verify axiom (i), notice that if a: H —> G is an isomorphism, then a = 
a: HJpt —> G/pt is an isomorphism. Then apply [Fact 13.4 


(ii) follows from Fact 13.5 and the fact that 5 is a natural isomorphism from 
conj^: G/pt —>■ G/pt to the identity. 

(iii) follows by applying 7 r„T(—) to the diagram (14.131 in Lemma 14.12 for S = 
pt combined with the following commutative diagram. 


n ^AiKfmdc- pt) 

=^a(^/ U indc^. pt 

=/ K{K!w) 
^A{KJieSb indo pt) 

Resb 

^A(G/indQpt) - 


n =^A(-ff/pt) 

> -^Ak! U pt 
=/ 

—^ 3^A{K^^t) 

/ Resb 


-^ =^A(G/pt) 

Here the unlabeled functors are induced by the projections to pt. One also needs 
to use [Lemma 14.8| and the assumption on T. □ 

Using the constructions and results in this section, we can also prove that 
H^{—]TJ^a) is an equivariant homology theory with restriction structure in the 
sense of |Luc02| Section 6 , pages 217-218]. This is not needed here, and details will 
appear elsewhere. 


15. The cyclotomic trace map and the main diagram 


In this section we explain the construction of the main diagram (3.1). An es¬ 


sential ingredient is the natural model for the cyclotomic trace map constructed 
by Dundas, Goodwillie, and McCarthy in |DGM13 . Using the results from Sec¬ 


tion 14 it follows that all the equivariant homology theories in (3.1) have Mackey 


structures, and therefore the theory of Chern characters from Section /^becomes 


available. The proof of the Detection Theorem 3.6 in Section 16 is based on this. 


In essence, diagram (3.1) is induced by natural transformations 


K^'^(Z[-]) 4-^- K^“(S[-]) 


nTC(SH;ri 

p 


THH(sH)xnc(SH;rt 

p 


of functors Groupoids —> NSp. In detail, though, both r and cr are zig-zags of 
natural transformations whose wrong-way maps are all natural 7r»-isomorphisms. 
Since natural 7 r*-isomorphisms induce isomorphisms of the associated homology 
theories, we use the same symbols for the zig-zags of natural transformations and 
for the induced one-way maps in homology. 

We proceed to give technical details about i, r, and a. 

The category of spectra used in 


DGM13 is FiS*; see Subsection 41 Given a 


r5*-category T), let TC(2 ?;p) be the geometric realization of the spectrum denoted 
TC iV, 5'°; v) in DGM13 Definition 6 .4.1.1 on pages 253-254]. 
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In order to compare this definition to the one used in this paper, consider the 
lax monoidal functor || —1|: FiS* —>■ ESp from Subsection 41 It induces a change 
of base functor 

|| —|j: r5*-Cat —ESp-Cat, 


which we denote with the same symbol; compare [Subsection 4D Notice that, if 
^ is a monoid in r5* (i.e., an S-algebra in the sense of |DGM1^ ) and C is an 
ordinary small category, then ||-4[C]|| = |jvA||[C]. The following result follows easily 
by inspecting the definitions. 

Lemma 15.1. For any TSf,-category T) there is a natural tt^- isomorphism in NSp 

TC(I?;p)-^UTC(||I?||;p). 

Denote by SymMonr5*-Cat the category of small symmetric monoidal TiS*- 
categories. The algebraic IF-theory spectrum of a symmetric monoidal r5*-category 
is defined in |DGM13 Subsection 5.2.1.4 on pages 192-193]. By taking geometric 
realization, we get a functor 


(15.2) 


K: SpmMonr5*-Cat —> NSp . 


The cyclotomic trace map is then defined in DGM13 Definition 7.1.1.2 and the 


rest of Section 7.1.1 on page 285] as a zig-zag of natural transformations 

(15.3) trCp:K(X>)4^-^ ^ TC(X>;p) 

of functors SymMonTiS^-Cat —NSp, where the wrong-way maps are all natural 
7r*-isomorphisms. 

We are now ready to describe i and r. Fix models in the category of monoids 
in TiS* for the Eilenberg-Mac Lane ring spectrum HZ, the sphere spectrum S, and 
the Hurewicz map S —> HZ. We then obtain a natural transformation £ from the 
bottom to the top composition in 


Groupoids 




4 r5*-Cat™P’^ 


-A SymMonr5*-Cat 


K 


A NSp, 


where K is the algebraic iG-theory functor from (15.21; compare also Example 14.3 


Next, using (15.31 and taking the product over all primes p, we obtain a zig-zag 


of natural transformations 


= (trcp): K(I?) 


UTC{V;p) 

p 


of functors SymMonr5*-CQt —NSp, where the wrong-way maps are all natural 
7r*-isomorphisms. 

In order to describe cr, we first switch to enrichments in ESp, and then we need 
to use Morita invariance. Lemma 15.5 below, because the zig-zag (11.41 between 


TC and C is not defined for categories of modules. 

In more detail, [Lemma 15.1] gives a natural 7r*-isomorphism from the top to the 
bottom composition in the diagram 



riS*-CQt 

ESp-Cat 


nTC(-;p) 



nTC(-;p) 


Groupoids 
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Lemma 15.£ ii) gives a natural 7r*-isomorphism from the bottom to the top com¬ 
position in 


Qf — 

OrG - - -^ Groupoids 


4 ESp-Cat NSp . 


Finally, using (11.41 and taking the product over all primes p, and for p = 11 
using also the projection TC(—; 11) —>■ THH(—), we obtain a zig-zag of natural 
transformations 


a: nTC(S[C];p) 


THH(S[C]) xnC(S[C];p) 

p 


of functors Groupoids —NSp. 

Remark 15.4. Because of the naturality of [Theorem 14.2| in the functor T, the 
maps £ and r induce natural transformations of Mackey functors. Arguing as above 
with Morita invariance and [Theorem 14. 2| we see that also the homology theory 
associated with THH(S[— ]) x ^ Mackey structure. However, 

we only know that the natural transformation induced by a respects the induction 
structures, but not necessarily the Mackey structures. 

We finish this section with the well-known Morita invariance property needed 
above. For a symmetric ring spectrum A, consider the symmetric spectral cate¬ 
gory ^h.{C) of finitely generated free A-modules over C from [Definition 13.8 and 
the functor of symmetric spectral categories A[C] — ^a{C) from Example 13.9 


Lemma 15.5 (Morita invariance). Let A he a symmetric ring spectrum, 
(i) The natural transformation 

THH(A[G/-]) ^ THH(.^a(G/-)) 

of functors OrG —> WT'® is objectwise a irl-isomorphism. 

(li) Assume that A is connective^. Then the natural transformations 

C(A[G/-];p) —> C(.^a(G/-);p) , 
TC(A[G/-];p) —^ TC(.^a(G/-);p) 
of functors OrG —> W'T are objectwise ir^-isomorphisms. 


Proof, (i) Consider the following commutative diagram of functors of spectral cat¬ 
egories. 

A[G/(G/il)] -> .^a(G/(G/7J)) 

(15.6) T t 


A[H] 


-A = =^A[JJ](pt) 


The vertical maps induce TrCisomorphisms on THH by an argument as in DGM13 


Corollary 4.3.5.2 on page 171]. For any symmetric ring spectrum B, the functor 
B —> .^B(pt) induces a TrCisomorphism on THH by an argument similar to that 
of |DGM13l Lemma 4.3.5.11 on page 176]. So we conclude that also the top hori¬ 
zontal functor in (15.61 induces a TrCisomorphism on THH. 


|(ii)[ The assumption on A implies that A[C] and .^a(G) are objectwise strictly 
connective, objectwise convergent, and very well pointed for any small category C. 
The result then follows from part |(i)[ the fundamental fibration sequence from 
Theorem 8.l|^ and the fact that homotopy limits respect 7r»-isomorphisms. □ 
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16. Proof of the Detection Theorem 


The goal of this section is to prove the Detection |Theoreni 3.6| thus completing 
the proof of |Main Technical Theorem 1.16[ 

Let T C TCyc be a family of finite cyclic subgroups of G, and let T C N be a 
subset. Recall that Assumption reads as follows. 

t] For every C ^ J- and for every t G T, the natural homomorphism 

Kt{Z[Cc]) n Kt(Zp®Z[Q;Zp) 

p prime Z / 

is Q-injective, where c is the order of C and is any primitive c-th root of 
unity. 

Lemma 16.1. If Assumption [Bjr x] holds then, for every C £ IF and for every 
t G T, the natural homomorphism 

Kt{Z[C]) n Kt{Zj,[C];Zp) 

p prime 

is Q-injective. 


Proof. Let A4C he the maximal Z-order in Q[G] containing Z[G]. Since Q[G] = 
ridlc Q(Cd)i we have that AiC — ridlc^ICd]; compare |Rei75| 


Theorem 10.5 on 


page 128] or |01i88 Theorem 1.5(i) on page 25]. Using that algebraic AT-theory 
respects finite products, we get the following commutative diagram. 


KtiZ[C]) -^ l\Kt{Zp{CW 

(16.2) 1 i 

KtiMC) ^ 0^i(zM) —^ n 0 Kt {^p ® ^ [Cd] i ^3 

d\c p d\c 


The finite sums here commute with the product and with rationalization. Hence, 
since the family IF is closed under passage to subgroups. Assumption [Rjr, t] implies 
that the bottom horizontal map is Q-injective for every t £ T. By |Rei 7^ The¬ 
orem 41.1 on page 379], we have that cAAC C Z]G], and so we get the following 
cartesian square of rings. 

Z(G] -^ Z[G]/cMG 


MC -> MCfcMC 


Both rings on the right are finite, and for any finite ring R and any t > 1 we have 
Kt{R) i^zQ = 0 by [Wei 13 Proposition IV.1.16 on page 2 96]. Then the Mayer- 

~' ’' " ~' Corollary 2 on page 6 

map in ( 16.2]) is a Q- 
Ko{Z[C]) is 


Cha82 


Vietoris long exact sequence in KQ—) from 

and examples on page 7] implies that the left-hand vertica 
isomorphism for every t > 1. For t = 0, the natural map Ko{Z) 
a Q-isomorphism by |Swa60 Proposition 9.1 on page 573]. Using this, we see that 
Ko(Z[C]) — Kq{A4C) is Q-injective. So we conclude that the top horizontal map 
in (16.2) is Q-injective for every t GT. □ 


Combining this lemma with a result of Hesselholt and Madsen HM97 , which 


depends on a theorem of McCarthy |McC97 , we obtain the following corollary. 
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Corollary 16.3. If Assumption t] holds then, for every C d T and for every 
t € T, the map 

T = (trcp): K^0(S[C]) —> Jl TC(S[C];p) 

p prime 

induced by the cyclotomic trace maps is tt'^- injective. 

Proof. Consider the following commutative diagram. 

K^0(S[C]) -^ K^0(Z[C]) nK-°(Zp[C'])p 

(trcp) rhtrcp)" 


nTC(S[C];p) 

p 


A nTC(Zp[C];p); 


The linearization map is a tt® isomorphism by Wal78 Proposition 2.2 on page 43]. 
Lemma 16.1 implies that TTt{c) Ciz Q is injective for every t G T. Since the Zp-algebra 


(trCp)p 


ipl^wj is finitely generated as a Zp-module, the p-completed cyclotomic trace map 


K-°(Zp[C'])p —> TC(Zp[C'];p)p is a Tit-isomorphism for every t > 0 and 


every prime p by |HM97[ Theorem D on page 30]. The result follows. 


□ 


Proof of \Theorem 3.6\ We want to apply ] Addendum 12.13] to the composition of 
the natural transformations 




>0/ 


H) 


nTC(SH;p) ^ THH(SH) x nC(SH;p) 

p p 

of functors Groupoids —> NSp. Here we are suppressing some wrong-way natural 
7 r*-isomorphisms, as explained in jSection 15 Recall from jRemark 15.4 that both 
T and a induce natural transformations of equivariant homology theories that re¬ 
spect the induction structures, but we only know that r also respects the Mackey 
structures. 

both T and tr are compatible with the isomorphisms c 


By Addendum 12. If 1) 


in (12.8). Therefore it is enough to consider one t G T at a time. 


Assume first that t > 0. Then ICorollary 16.3 and an argument similar to Ad¬ 
dendum 12 . 1 f^ iii) imply that the restriction of t%( 8 )zQ to the summand indexed 
by t is injectiv e. Moreover, for all finite groups C, 7rt(THH(S[C'])) 02 Q = 0 by 
Example 6.16 and TC(S]C'];p) —> C(S]C'];p) is a 7 r®-isomorphism for each p by 
Corollary 11. 9| Therefore cr induces a Q-isomorphism between the corresponding 
functors SubG(7^zn) —> Ab, and an isomorphism between the summands indexed 
by t. We conclude then that the restriction {<J%ot%) (g)z Q to the summands indexed 
by t is injective. 

Now let t = 0. Recall that the linearization map £: K-°(S]G]) —> K-°(ZJG]) 
is a TT^-isomorphism for every group G, an d theref ore it induces an isomorphism 
^((G; K-°(S[—])) = ^((G; K-°(ZJ—])). By Swa60 Proposition 9.1 on page 573], 
the natural map Ko(Z) CizQ —> Ko{'^[C]) < 8 )zQ is an isomorphism for any finite 
group G. Therefore, S'o(G; K-°(S[—])) =0 whenever G 7 ^ 1. This implies that the 
map EG —> EG{E) induces on the summand indexed by t = 0 an isomorphism 


©[VEgC] 




B„(BG;Q)®(iLo(S)|Qj ^ 0 Hr^iEZcG-f 

^ iC)eiJ^Cyc) 

So it is enough to consider the case B = 1; compare jExample 12.11] Since 
i7„(BG;Q) (g)Q — clearly preserves injectivity, it is enough to show that 7 ro(CT o t) 
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in the following commutative diagram is Q-injective. 


Ko{S) 

KoiZ) 


TToicrOT) 


> 7ro(THH(S) X nC(S;p; 


7ro(pri) 


D 


> 7ro(THH(S)) 

i 

> to(THH(Z)) 

i 

HHoiZ) 


Here HH is Hochschild homology, D is the Dennis trace, B is the Bokstedt trace, 
and prj^ is the projection on the first factor. Since ^ and D are isomorphisms in 
dimension 0, it follows that 7ro((T o r) is injective, thus finishing the proof. □ 


17. Whitehead groups 


This section is devoted to the proof of [Addendum 1.18| and its special case. 
Theorem 1.1 about the rationalized assembly map for Whitehead groups. First we 
need to introduce some notation. 


The finite subgroup category SubG(J^m) that appears in (1.21 has as objects 
the finite subgroups H of G; the morphisms are defined as follows. Given fi¬ 
nite subgroups H and K of G, let conhomc{H, K) be the set of all group ho- 
momorphisms H —> K given by conjugation by an element of G. The group 
inn(A') of inner automorphisms of K acts on conhom(5(7J, K) by post-composition. 
The set of morphisms in SubG(J^OT) from H to K is then defined as the quo¬ 
tient conhom( 3 (iJ, K)/ mn{K). For example, in the special case when G is abelian, 
then SubG(J^m) is just the poset of finite subgroups of G ordered by inclusion. 

Given a space X, not pointed and not equivariant, we denote by n(Ai) its 
fundamental groupoid, and consider the functor Top —> NSp given by X i—)■ 
K-°(Z[n(X)]). There is the classical assembly map 


(17.1) 


A+ A K^^(Z[n(A)]); 


see |WW95| . (We suppress here an irrelevant wrong-way natural tt*- isomorphism.) 


We denote by Wh|-°(A) the homotopy cofiber of (17.1). 


Now, given a group G, we consider the composition of the functors above with 


OrG 


> Groupoids —^ Top , 


where B = |iV,(—)| is the classifying space functor. We obtain the following diagram 
of functors OrG —> NSp 

(17.2) B{G!-)+ A K^°(Z) K^0(Z[n(H(G/-))j) ^ Wh|°(H(G/-)), 

which, by definition, is objectwise a homotopy cofibration sequence. For any sub¬ 
group iT of G we have 


r Wh{H) if n = 1; 

(17.3) 7r„Wh|°(H(G/(G/H))) - i Ko{Z[H]) if n = 0; 

[o if n < 0. 


From this we get the following lemma. 
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Lemma 17.4. For every group G there is an isomorphism 

H^{EGmn);Whf°(B(-)))(g)Q^ colim Wh(H)(g)Q. 

' ' Z JJGobj SubG(J^in) Z 

Proof. From |DL98[ Theorem 4.7 on pages 234-235] there is a spectral sequence 
converging to Hf^^{EG{J-in);'Wh^^{B{—))), with i? 2 -term given by the Bredon 
homology groups 

{EG{Ein); n,Whi°{Bi-))) . 

Since {B{GJ{G/H))) Q = Ko{Z[E[]) (g)z Q vanishes if El is finite 

Proposition 9.1 on page 573], the edge homomorphism of the spectral sequence gives 
an isomorphism 

(F;G(J-zn); Wh|°(B(-))) |Q ^ ^iWh|°(S(-))) |Q . 

Using the definition of Bredon homology, the fact that the cellular chain complex 
of EG{Ein) is a free resolution of the constant functor on OrG{Fin) with value Z, 
and right exactness of — ®orG(Fin) we get an isomorphism 

H^{EG{E^n);7^,Whi°iB{-)))^ colim Wh{H). 

G/fiGobj OrG(y^^n) 

Finally, using |LRV03] Lemma 3.11 on page 152], we see that 

colim Wh(H) = colim Wh(H). □ 

G/HGobj OrG(Tin) JJGobj SiibG(J^m) 


Swa60 


Proof of \Addendum 1.1^ Consider the homotopy cofibration sequence (17.2). The 
natural homeomorphism EG Xg S = B{GfS) (e.g., see |LR06 Lemma 9.9(i) on 
page 628]), identifies the term on the left with 

e(-) = (£;gxg-)+ak^°(z). 

For any groupoid Q there is an equivalence Q —> Il[BQ), which induces a tt*- 
isomorphism between the middle term in (17.2) and K-°(ZJG/—]). 


The homotopy cofibration sequence (17.2) produces a long exact sequence of the 


associated G-equivariant homology theories from lTheorem 12~2| The maps induced 
by the projection EG{Ein) —> pt give the following commutative diagram with 
exact columns. 


H^{EG{Ein)-E) -^ i?^(pt;E) 

i i 

(EG(J-zn);K^O(ZH)) -?-^ 7f„(ZJG]) 

i i 

HG{EG{Ein)-,Whf{B{-))) -®-> {B{-))) 

[ ^ 1 

H^_^{EG{Ein)-E) -®-^ i?^-i(pt;E) 


By |DL98 Lemma 5.4 on page 239], the assembly map for E is an isomorphism for 
every group G and every family of subgroups. So the top and the bottom horizontal 
maps © and ® are isomorphisms. 
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In the notation of [Main Technical Theorem 1.16| we are assuming that condi¬ 
tion < 2 ] holds, and { 0 . 1 }] is satisfied by Proposition 2.4 Therefore 

the map ® is Q-injective if n = 1. An elementary diagram chase, the four lemma, 
implies that also the map (D is Q-injective if n = 1. 

When n = 1 the target of (D is isomorphic to Wh{G) by (17.31. The source is 
computed rationally by [Lemma 17. 4[ □ 


18. Schneider Conjecture 

We briefly review the relation between algebraic AT-theory and etale cohomology 
of rings of integers in number fields, and give equivalent formulations of the Schnei¬ 
der [Conjecture 2.7 and some useful reductions. Other equivalent formulations are 
discussed in |Sou87 Kol93 Gei05| . 

Let Of denote the ring of integers in a finite held extension F\Q. Fix a prime p. 
For a prime ideal p m Op with p|p, let Op denote the completion, Fp its held of 
fractions, and kp the residue held at p. Consider the following commutative square. 


Of 




— > hp® Op — ri^p 

^ 1 

-^Zp®Of[1]^IIFp 

z pIp 


These ring homomorphisms, together with the natural map from AT-theory to 
etale Al-theory DF85 Proposition 4.4 on page 256] for Z[-]-algebras, the spec¬ 


tral sequence from etale cohomology to etale AT-theory |DF85 Proposition 5.1 on 


page 260], and the identification of etale cohomology with continuous group coho¬ 
mology |Mil06 Proposition 11.2.9 on page 170] induce the following commutative 
diagram. The top horizontal map is the map in the Schneider [Conjecture 2.7] 


(18.1) 


K2i-l{OF]Zp'^ - 

®i 

K2i-i{0 f[^]-,Zp) 

KS-i(Op[il;Zp) 

®i 

(GE;Zp(i)) 


A n^2.-i(Op;Zp) 
pb 

o 


jtI 

■^cont 


-A 11-^21-1 (Pp; Zp) 

pIp 

0 

Y{Kt-i{F,-.1p) 

pIp 

© 

^ n^et (^pi ^p(*)) 

pIp 

o 


^ n ^cont(^p! ^p(*)) 
pIp 


Here Gs is the Galois group of the extension F^\F, where As i s the u nion of all 
finite extensions F' of F for which Of[^] —>■ Ofi[^] is unramifled |Sch79 


Mil06 


page 182; 


Section 1.4 on page 48], and Gp denotes the absolute Galois group of the 
local field Fp. We write ri{F) for the number of real embeddings and r 2 {F) for the 
number of pairs of complex embeddings of F. The degree of A|Q is pi(A) + 2r2{F). 
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Theorem 18.2. Let F he a number field, and if p = 2 assume that F is totally 


imaginary. Let i>2. Ln diagram (18.11, all vertical maps are isomorphisms, and 
therefore if one of the horizontal maps is Q-injective, then all the horizontal maps 
are Q-injective. All groups in (18.11 are finitely generated Zp-modules, and their 


Tip-ranks are given in the following table. 



left column 

right column 

i odd 

ri{F) r 2 {F) 

ri(F) + 2r2(7’) 

i even 

r2{F) 

ri{F)F2r2{F) 


Proof. The fact that the maps @ and O are isomorphisms follows from the local¬ 
ization sequence in algebraic iti-theory |Qui73a Section 5, Corollary on page 113] 
and Quillen’s computation |Qui72 Theorem 8 on page 583] of the algebraic K- 
theory groups of finite fields. Notice that p-completion of spectra preserves stable 
homotopy fibration sequences; see ISubsection IN] 

The global and local Lichtenbaum-Quillen conjectures, asserting that the maps 
® and © are isomorphisms, follow from celebrated results of Voevodsky and others. 
For fields of characteristic zero, the Milnor and Bloch-Kato conjectures were con¬ 
firmed in |Voe03 Corollary 7.5 on page 97] and [Voell Theorem 6.1 on page 429], 
and shown to imply the Beilinson-Lichtenbaum conjectur e in |SV00 Theorem 7.4 
on page 169]. Using Grayson’s |Gra95] Sus03j or Levine’s |Lev08 Voe02 construc¬ 
tions of the motivic spectral sequence, it follows that algebraic and etale Tf-theory, 
both with Zp-coefhcients, agree in positive degrees for global and local number 
fields. Using localization techniques, as in [RWOO Section 6] and LevOl , it follows 
that the Dwyer-Friedlander comparison map is also an isomorphism for the rings 
of p-integers in global number fields. For p = 2, the comparison is made for totally 
imaginary number fields in |RW99] Theorem 0.1 on page 101], and for real number 
fields in |0stO3 Theorem 4 on page 201]. 

Independently, © was shown to be an isomorphism for p odd by Hesselholt and 
Madsen |HM03 Theorem 6.1.10 on page 103], using topological cyclic homology 
and cyclotomic trace methods. 

and © follow at once from the spectral sequence of |DF85 


The isomorphisms 


Proposition 5.1 on page 260], since Of[^] and Fp have etale cohomological dimen¬ 
sion 2. For p = 2 this uses our hypothesis that F is totally imaginary. 

For the isomorphisms @ and O, see Mil06 Proposition II.2.9 on page 170] 
and |Mil80] III. 1.7 on page 86]. 


The rank of K 2 i-i{OF) was calculated by Borel |Bor74 Proposition 12.2 on 
page 271], and agrees with the Zp-rank of K 2 i-i{OF',Zp) by Quillen’s finite gen¬ 
eration theorem |Qui73b[ Theorem 1 on page 179]. A similar calculation of the 


Zp-rank of K 2 i-i{Fp]Tp) was outlined in Wag76j; see also |Pan86 . The corre¬ 


sponding results for Galois cohomology were proven by Soule in Sou81 Fact b) on 
page 376 and Remark 1 on page 390], as applications of Iwasawa theory. For the 
local result, see also |Sch79 §3 Satz 4 on page 188]. □ 


Theorem 18.3. Assume thatp is odd, and let i >2. The following statements are 
equivalent. 

(i) The horizontal maps in diagram ( 118.1 1 are ^-injective. 

(ii) The group 77^ Qp/Zp(l — i)j is finite. 

(Hi) The group 77^ (Gs; Qp/Zp(l — i)) is zero. 

(iv) The group — i)) is finite. 
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(v) The kernel of the map (Ge; Qp/Zp(z)) —Hpip (CpIQp/Zp(i)) is fi¬ 
nite. 

(vi) Let F(fj,p<x,) denote the union of the fields F{fpn). Let L be the maximal 
abelian pro-p-extension of F{fjLp<x,) for which all primes are completely split. 
Let G = Gal{F(p,p<yfi\F) and let Z be the Pontryagin dual of Gal{L\F(p,pao)). 
Then H^(G', Z(i)) is finite. 

Furthermore, for a fixed number field F and a fixed odd prime p, the equivalent 
conditions above hold for almost all i > 2. 


That 7J^(Gs;Qp/Zp(l — i)) is finite was conjectured by Schneider in 


Sch79 


Neukirch, Schmidt, and Wingberg |NSW08 page 641] also refer to this assertion 
as a conjecture of Schneider. The notation = i7^(GE; Qp/Zp(l — i)) for 

arbitrary * S Z is introduced in (sTt^ page 189]. For z = 0 this group is computed 


IsdTzg 


§4 Lemma 2ii) on page 190]. For z ^ 0 the gr oups a re of the form 
^'(Q^^Zp)*i-i(^’) for some finite numbers ii-i{F) by Sch79 §4 Lemma 2i) 


on page 190]. On page 192 it is conjectured that the numbers zi_i(F) = 0 for all 
z ^ 0. 


Proof of \Theorem 18.1^ This is due to Schneider Sch79 


We first explain the equivalence of (i) and (ii) The lower horizontal map in 


(18.11 sits in the Poitou-Tate 9-term exact sequence, where the group to the left 
is the Pontryagin dual of the group in (ii) and the group further left is finite 


since H^^j,^{Gp;Zp{i)) is finite cyclic; compare Wei05 Lemma 13 on page 148]. 
Indeed, let S denote the finite set of primes over p together with all infinite primes. 
Then the Poitou-Tate exact sequence as stated for example in |NSW08[ (8.6.10) on 
page 489], with coefficients in Z/p^Z(z) and ramification allowed over S, consists 
of finite groups by |Sch79 §2 Satz li) and Satz 2i) on page 185]. Passing to the 
limit over the reduction maps Z/p'^+^Z(z) —Z/p'^Z(z) yields the desired exact 
sequence. 

Passing instead to the colimit over the inclusions Z/p'^Z(z) —> Z/p^+^Z(z), 
we obtain similarly the equivalence of (iv) and ](v)| compare |Sch79 §5 proof of 
Lemma 3 on page 196]. 

Statement (ii) is equivalent to (iii) since the group is divisible by |Sch79 §4 
Lemma 2i) on page 190]. 

The equivalence of |(iii)l and l(v)l is |Sch79[ §5 Corollary 4 on page 197], where the 
notation Ri{F) for the kernel of the map in (v) is intro duced on page 196. 

Then Ri{F) is identified with F[^{G', Z{i)) in Sch79 §6 Lemma 1 on page 199], 


proving the equivalence of (v) and (vi) 

Finally, the last claim is |Sch79l Satz 3 on page 200]. 


□ 


Lemma 18.4. Fix a prime p and an integer c > 3. Let t = 2i — 1 with z > 2. 


(i) Suppose E\F is a finite extension. If the Schneider Conjecture 2.1 holds for 
E and t, then it holds for F and t. 

(ii) Let Q(Cc)~'’ denote the maximal real subfield ofQ{(c). Assume that i is odd. 


If the Schneider Conjecture 2.1 holds for Q(Cc)~'' o,n-d t, then it holds for Q(Cc) 
and t. 
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Proof, (i) The inclusion of F into E induces the following commutative diagram. 


K2i-i {Of', Zp) 

i 

K2i-l{OE','^p) 


A K2i-l{l‘p 0 Op', Zp) ' 

' Z ' 

i 

A K2i-l(^p® Oe',^p) ' 


The vertical maps are injective, since composed with restriction both maps are 
isomorphisms. 

(ii) Consider the diagram above for F = Q{Cc)~'' and E = Q{Cc)- If * is odd then 


the vertical map on the left is an isomorphism. This follows from the statement 
about ranks in Theorem 18.2 and since ri{E)+r 2 {E) = ip{c)l2 = ri{F)+r 2 {F). □ 


Remark 18.5. There are partial results about the equivalent statements in|Theo- 


rem 18.3 


but unfortunately they cannot be used to verify Assumption [Bfc 


lyc 


For 


example, Soule verified in |Sou79 Theoreme 5 on page 268] that the condition (iii) 


of Theorem 18.3 holds for all * < 0. The results in |Sch79[ §6 Satz 6 on page 201] 
and |Gei05 Lemma 4.3a) and b)] deal with totally real number fields and i even or 
negative. 


We close the paper by showing how the last statement in jTheorem 18.3] leads to 
[Theorem 1.151 


Proof of \Theorem 1.1 5\ If EG{Fin) is finite, then by Proposition 2.1 there are only 
finitely many conjugacy classes of finite cyclic subgroup of G. So the last statement 
in jTheorem 18.3] and Proposition 2.8 imply that there exists an M G N such that 
Assumption JiJj^cyc, [M,oo)] holds. By Corollary 2.2 Assumption JAjrct/c] holds, and 
so also [A'jTQy^ <^] holds for every A G N. Moreover, by Example 12.11 for every 
finite cyclic subgroup C of G we have F[s{BZgC',Q) = Ha{EG{Fm)'"'/ZGG', (Q 
and these groups vanish if s > H = dim£’G(J^m). Now apply Main Technical 
jTheorem 1.16! to obtain [Theorem l.lSj for L = M + D. □ 
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